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Abstract: In this paper we review two types of dynamic behaviors defined by the bifurcation theory that are found to
be particularly useful in describing two forms of cardiac electrical instabilities that are of considerable importance
in cardiac arrhythmogenesis. The first is action potential duration (APD) alternans with an underlying dynamics con-
sistent with the period doubling bifurcation theory. This form of electrical instability could lead to spatially discordant
APD alternans leading to wavebreak and reentrant form of tachyarrhythmias. Factors that modulate the APD alter-
nans are discussed. The second form of bifurcation of importance to cardiac arrhythmogenesis is the Hopf-homo-
clinic bifurcation that adequately describes the dynamics of the onset of early afterdepolarization (EAD)-mediated
triggered activity (Hopf) that may cause ventricular tachycardia and ventricular fibrillation (VT/VF respectively). The
self-termination of the triggered activity is compatible with the homoclinic bifurcation. lonic and intracellular calcium
dynamics underlying these dynamics are discussed using available experimental and simulation data. The dynamic
analysis provides novel insights into the mechanisms of VT/VF, a major cause of sudden cardiac death in the US.

Keywords: Period-doubling bifurcation, Hopf-homoclinic bifurcation, action potential duration alternans, early
afterdepolarization, triggered activity, spatially-discordant alternans, reentry, ventricular tachycardia, ventricular

fibrillation

Bifurcation theory is the mathematical study of
changes in the qualitative behavior of diverse
nonlinear dynamical systems including the
electrical activity of cardiac myocyte [1, 2]. A
nonlinear system, unlike a linear one, is a sys-
tem whose output is not proportional to the
input, and bifurcation is said to occur when a
small change made to the system’s parameter
value(s) causes a dramatic qualitative changes
in appearance. Cardiac myocytes are perfect
examples of nonlinear systems with their non-
linear voltage current profiles and with their
characteristic property to manifest sudden
transitions to a different cardiac rhythm [3].
The changes in nonlinear systems are sudden
and unexpected (bifurcations) that linear rea-
soning fails to explain the newly emerged
dynamics. The term “bifurcation” was coined
by Henri Poincaré in 1885 based on his obser-
vations on the nonlinear dynamic behavior of
fluids subjected to stressful perturbations [4].
The application of the bifurcation theory in car-
diac electrophysiology provided mechanistic
insights into the nature of irregular beat-to-beat

electrical activity (instability) [5-7] and paved
the way to conceptually novel and effective
therapeutic approaches designed to prevent
arrhythmogenic cellular electrical instability [8]
that linear approaches could not achieve. The
bifurcation theory is found to be particularly
useful in describing two forms of cardiac electri-
cal instabilities that are of considerable impor-
tance in cardiac arrhythmogenesis and which
will be the focus of this review. The first is elec-
trical alternans with an underlying dynamics
consistent with the period doubling bifurcation
theory that also explains the emergence of
beat-to-beat irregular cellular action potential
properties (i.e., chaos) that emerge in stresses
cardiac myocytes [5, 9-12]. The second arrhyth-
mogenic mechanism is the onset of early after-
depolarization (EAD)-mediated triggered activi-
ty, a dynamic scenario that is adequately
explained by the Hopf bifurcation theory.
Furthermore, the patterns by which the EAD-
mediated triggered activity often terminates
can also be adequately explained by yet anoth-
er bifurcation theory, the homoclinic bifurcation
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making the Hopf-homoclinic dual bifurcation
theory to fully account for the experimentally
observed initiation and self-termination of EAD-
mediated triggered activity in cardiac tissue.
While the theory does not provide insight into
individual ionic current mechanisms by which a
sudden electrical instability emerges, it howev-
er provides two important insights. First, it
defines the general necessary parametric
changes (i.e., kinetics of inward vs. kinetics of
outward currents) that are necessary for a spe-
cific electrical instability to emerge, and second
it permits making predictions of an impending
instability based on key electrical parameter(s)
of the cardiomyocyte. Complimentary simula-
tion studies using realistic cardiac cell models
are needed to unravel the specific individual
ionic current(s) kinetics responsible for the
observed dynamical instability (bifurcation) [8,
13-15].

In the first part of this review we will discuss
how cardiac cellular instability caused by the
period doubling bifurcation scenario leads to
temporal beat-to-beat action potential duration
(APD) alternans of cardiac myocytes and then
discuss the factors at the whole heart level that
modulate the transition from spatially concor-
dant form of APD alternans, during which APD
is either short or long everywhere in the ventri-
cles to spatially discordant form of APD alter-
nans (SDA), where short APD coexists with long
APD of the same ventricle separated by nodal
lines where APD does not change. Figure 2
illustrates schematically the phenomenon of
SDA alternans and Figure 4 shows a transition
from spatially concordant to SDA alternans
leading to VF in an isolated aged rate heart sub-
jected to stress. The SDA (unlike concordant)
leads to reentrant form ventricular tachycardia
(VT) [16-21], and is classically described in the
literature as VT caused by “dispersion of repo-
larization” [22-24]. In the second part of this
review we discuss EAD-mediated triggered
activity (Hopf bifurcation) and its subsequent
self-termination (homoclinic bifurcation). The
triggered activity causes a focal form of VT dur-
ing which successive beats arise from a well-
circumscribed site [14, 20, 21, 25-27]. The rate
of the VT caused by focal mechanism is fast
enough to promote SDA causing a transition
from a focal or a single reentrant VT to ventricu-
lar fibrillation (VF), a major cause of sudden car-
diac death in the US [28]. We need to mention

here that while these dynamic scenarios are
also applicable to atrial arrhythmias [29-31],
we however, in this review will focus only on VT/
VF.

Period doubling bifurcation & the emergence
of spatially discordant APD alternans

It was in 1910 when Sir Thomas Lewis made
the following remarkable observation in his
experimental studies:

“Heart alternation occurs under two circum-
stances. It is seen when the cardiac muscle is
not of necessity altered structurally, as an
accompaniment of great acceleration of the
rate of rhythm. It is also found when the pulse
is of normal rate, and under such circumstanc-
es the muscle is either markedly degenerate or
the heart shows evidence of embarrassment
as a result of poisoning or some other factor”
[32].

Importantly, Lewis further emphasized that
such electrical anomaly observed in experi-
mental studies was also observed in humans:

“The electrocardiographic curves obtained in
clinical heart alternation are similar to those
obtained experimentally; there is divergence
between the heights of R and T and the ampli-
tude of the radial upstrokes. These facts dem-
onstrate the identity of the clinical and experi-
mental conditions” [32].

While cardiac electrical alternans was known to
emerge in diseased hearts in experimental and
clinical settings, it was only during the last two
decades that the importance of cellular APD
alternans in the genesis of reentrant arrhyth-
mias was elucidated in animal models [17, 20],
and its role in the form of electrocardiographic
T wave alternans in increasing the risk of sud-
den cardiac death in man was recognized [33,
34].

The mechanism of cardiac electrical alternans
was extensively studied in animal models that
scaled from in situ and isolated-perfused
hearts to isolated bits of perfused cardiac tis-
sues down to isolated single cardiac myocytes
using the patch-clamp technique. The introduc-
tion of the optical mapping technique using
voltage-sensitive fluorescent dye allowed the
determination of cardiac depolarization and
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Figure 1. Dynamical chaos in the logistic equation. A: iteration of the logistic equation as a function of increasing
values of a producing different behaviors, starting with periodic (x=2.5), alternating (c=3.2) and completely irregu-
lar (chaotic) behavior with a=4 respectively. The curve on the right of panel A side is bifurcation diagram showing
steady-state behavior as a function of o. In panel B (left) shows sequential data set (Xn) with very irregular beat-
to-beat pattern (chaos) pattern. A plot of this set of data (panel B right) in which the current value of X is plotted
against its previous value, shows nonlinear relationship described by the logistic equation (inset). The height of the
parabola is defined by the slope of ascending limb of the parabola q, i.e., the dynamic equivalent of the slope of the

APD restitution curve (From Weiss et al. [99]).

repolarization over large surfaces of cardiac tis-
sue with high tempo-spatial resolution.
Additionally direct examination of the underly-
ing intracellular Ca ion (Ca?*) dynamics using
Ca-sensitive fluorescent dye provided impor-
tant insight into the role of Ca* dynamics in the
genesis and modulation of the cellular APD
alternans. The combined isolated myocytes
and whole heart studies provided insight into
the mechanism of APD alternans at the single
cell level and defined the factors that promote
the transition from spatially concordant to SDA
in the whole heart. We now discuss the factors
that influence cellular vulnerability to APD alter-
nans that promote the emergence of spatially
discordant APD alternans in the whole heart
leading to VT/VF.

Alternans and the slope of the APD restitution
curve

The slope of the APD restitution was classically
used as a major marker of APD alternans when
Nolasco & Dhal in 1968 first mathematically
analyzed the curve constructed by plotting the
APD vs. its diastolic interval [35]. The curve
thus obtained, the APD restitution curve, repre-
sents the gain in APD as the diastolic interval is
lengthened is also demonstrated to occur in
human hearts using monophasic APs and is
popularly known as “electrical restitution” [36].
In strict mathematical terms it is shown that
when the slope of the APD restitution curve is
>1, then slight perturbation in the rate or
rhythm of the heart will promote APD alternans
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Figure 2. Schematic illustrations of simulated 2D spatially concordant and discordant APD alternans. A: Top traces
show that simulated action potentials from sites a and b both alternate in a long-short pattern during pacing at
220-ms CL. Second panel shows that the spatial APD distribution is either long (red) or short (blue) for each beat.
Third panel shows that the APD dispersion (gray scale) for either long or short beats is minimal. Bottom panel shows
simulated electrocardiogram (ECG), with T wave alternans. Panel B, top traces show that at a pacing CL of 180 ms,
simulated action potentials from site a now alternate short-long, whereas at the same time, action potentials from
site b alternate long-short. Second panel shows the spatial APD distribution, with a nodal line (white) with no APD
alternation separating the out-of-phase top and bottom regions. Third panel shows that the APD dispersion is mark-
edly enhanced, with the steepest gradient (black) located at the nodal line. Bottom panel shows simulated ECG, with
both T wave and QRS alternans (attributable to engagement of CV restitution), as observed experimentally (From

Weiss et al. [42]).

and irregular beat to beat AP dynamics (chaos)
in aggregates of chick myocytes [6, 37] and in
stressed isolated mammalian cardiac tissue
[9-12, 38]. Figure 1 illustrates APD dynamics.
In contrast however, when such perturbations
are applied in hearts with APD restitution slope
<1 no alternans or irregular dynamics emerge
[35]. More recently, taking advantage of inter-
ventions designed to control chaotic dynamics,
Garfinkel and associates successfully applied
chaos control algorithm (i.e., critically timed
pacing protocol) to regularize irregular (chaotic)
beat-to-beat AP dynamics in isolated perfused
rabbit ventricular tissue intoxicated with oua-

bain [39]. As suggested by Lewis more than a
century ago, we showed that ventricular tissue
isolated from arrhythmic ventricle intoxicated
with quinidine overdose indeed manifests APD
alternans and irregular (chaotic) dynamics at
pacing rates that normal tissue do not manifest
either APD alternans or irregular (chaotic)
dynamics [12]. Figure 1 schematically shows
the period doubling bifurcation diagram and
demonstrates how a parameter change in a
simple equation called the logistic equation,
causes the emergence of not only APD alter-
nans but also beat-to-beat irregular (chaotic)
APD dynamics. The equation describes the evo-
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Figure 3. EAD-mediated triggered activity causing focal ventricular tachycardia. Panel A shows simultaneous mi-
croelectrode and ECG recording from an isolated aged rat heart subjected to oxidative stress with hydrogen perox-
ide. EAD-mediated triggered activity (arrow) arises as a focal activity from the base of the heart as shown during
simultaneous optical mapping (snap shots in panel B) using voltage-sensitive dye. The depolarizing wavefront (red)
propagates as a single wavefront toward the apex. In each snap shot activation time in ms is shown at the bottom
right with time zero (arbitrary) coinciding with the onset of beat #1. Activation map of the first three beats (#1, #2, &
#3) are shown which correspond to the three beats (1, 2 & 3) shown with the microelectrode recording. Notice that
the mergence of the EAD coincides in time with the isoelectric interval on ECG (downward vertical arrow) indicating
that no other activity precedes the when EAD-mediated triggered focal activity emerges near the base of the heart.
Yellow arrows in panel B indicate the direction of wavefront propagation (Previously unpublished).

lution of successive changes of the APD (x ,
X_,,»--) @s a function of the slope of APD restitu-
tion curve, equivalent to the parameter o in the
logistic equation:

X, = & X (1x) (Figure 1) If we assign an initial
value to x, (between O and 1) then use the
logistic equation the next value x, from x, then
x, from x,, and so forth the qualitative outcome
depends strongly on the value of « (i.e., the
slope of APD restitution curve) showing alter-
nans and irregular (chaos) APDs as shown in
Figure 1.

Alternans and intracellular Ca (Ca,?*) dynamics

While the slope of the APD restitution curve
could modulate and even control APD alternans
under certain conditions [31], more recent
studies convincingly demonstrated that the dia-

stolic interval (DI) alone was an insufficient
marker to fully explain the phenomenon of APD
alternans. The highly interactive intra- and
transmembrane cellular events that take place
during the course of an AP contribute impor-
tantly to the phenomenon of APD alternans.
Perhaps one of the most important factor is the
intracellular Ca (Cai) cycling dynamics that
plays a key role in the genesis of APD alternans
[40-43]. Using simultaneous voltage and Cai
fluorescent dyes it is shown both in tissue [40]
and isolated ventricular myocytes [41], that the
APD alternans becomes invariably prevented
by the suppression of the sarcoplasmic reticu-
lum (SR) Cai cycling, and that APD alternans
occurs irrespective of the steepness of the
slope of APD restitution curve [41]. Moreover, it
is found in intact ventricle that the endocardi-
um, despite having a flatter APD restitution
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Figure 4. Initiation of focal VT & transition to VF caused by the emergence of spatially discordant. Panel A is a
pseudo-ECG in isolated-perfused aged rat heart exposes to glycolytic inhibition that promotes EADs and triggered
activity. The ECG shows the last 2 sinus beats before the sudden onset of the VT that leads to VF. Panel B, shows
snap shots of the first and the last beat of the VT followed by the first beat of the VF. The VT is caused by a focal
activation arising from the base of the heart that propagates without block (yellow arrows; snap shots, O to 68 ms).
However, the beat after the last VT beat undergoes functional conduction block toward the apex (snap shots, 102)
and shown schematically by double horizontal lines in C. The front, however continues to propagate laterally on both
sides of the block, causing Figure- 8 reentry and subsequent transition from VT to VF as shown in the ECG. Panel
shows optical action potentials recorded from base to apex (numbered 1 to 10) during the last 4 VT beats and at
the onset of VF showing that the site of block corresponds to the site of long APD (double horizontal red lines) during
the emergence of spatially discordant APD alternans. After the conduction block the direction of the propagation
changes (green arrow) signaling the onset of a reentrant activation. In each snap shot the activation time is in mil-
liseconds (bottom right) with time zero (arbitrary) coinciding with the onset of beat 1 and subsequent VT beats. The
red color in the snap shots represents depolarization (Dep) and the blue repolarization (Rep) as shown in E. Down-
ward pointing arrows indicate the direction of propagation. L, long; S, short (From Morita et al. [21]).

slope than the epicardium, develops APD alter- voltage and Cai are bidirectionally coupled. This
nans before the epicardium [44]. This differen- indicates that the APD directly affects the Cai
tial susceptibility to APD alternans is attributed transient amplitude and instabilities of the Cai
to significantly reduced endocardial expression dynamics can in turn affect the APD [42, 45,
of ryanodine release channel and SERCA2 46]. For example, the voltage influences the Cai
pump compared to the epicardium, suggesting via the I, current which plays a major role in
a potentially Cai-based mechanism for the determining both the APD and the amplitude of
development of spatially heterogeneous APD the Cai transient. The larger the |__, the longer
alternans in the ventricle [40, 44]. will be the APD with a larger associated Cai

transient amplitude. So if APD alternates
The importance of Cai in regulating APD dynam- between short and long the Cai will passively
ics is not surprising because the membrane follow the voltage with small and large ampli-
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tude Cai transient, because larger | will
cause grater release of Ca from the sarcoplas-
mic reticulum (SR) while smaller amplitude |,
will release smaller amount of SR Ca. With this
respect, voltage to Cai coupling is positive, i.e.,
a longer APD produces a larger Cai transient,
while shorter APD produces small Cai transient.
With respect to Cai influencing the voltage, it is
known that the Cai transient amplitude strongly
modulates APD through its effects on
Ca-sensitive currents during the AP plateau
which can be of variable amplitude and thus
causing Cai to voltage coupling dynamic sce-
nario to produce either positive or negative
coupling. Positive Cai to voltage coupling refers
to the mode in which a larger Cai transient pro-
duces a longer APD. This occurs when the large
Cai transient enhances net inward current dur-
ing the action potential plateau by potentiating
the inward Na-Ca exchange current (forward
mode of NCX activation) caused by pumping 3
sodium ions in and one calcium ion out. The
generated net inward current under the posi-
tive-coupling scenario is greater than the reduc-
tion of the I, current caused by Ca-induced
inactivation of the |_, . On the other hand, neg-
ative Cai to voltage coupling could emerge
when a larger Cai transient causes a shorter
APD, a scenario that emerges when greater
reduction in I~ current occurs due to Cai-
mediated inactivation of | _, over the increased
Na-Ca exchange inward current [42, 43, 47].
Other Ca-sensitive currents may also play a role
in the strength of Cai to voltage coupling but
their influence in affecting the APD are quanti-
tatively less important. These are the
Ca-activated nonselective cation current and
Ca-activated Cl currents [42, 48].

Causes of dynamic instability of Ca*:
Experimental and simulation studies suggest
that a steep sarcoplasmic reticulum (SR) load
vs. SR Ca release relationship coupled with a
slowed rate of uptake of the released Ca back
to the SR by the SERCA pump promote Cai
dynamic instability (i.e., Cai alternans) which in
turn could then promote APD alternans. Diaz et
al [49] proposed that Cai alternans arises pri-
marily by a steep dependence of the amount of
SR Ca release on the SR Ca load. Using isolated
rat ventricular myocytes, these investigators
showed that Cai?* alternans is due to changes
of the SR Ca?' content [50], with the larger
amplitude Cai transients resulting from high SR
Cai?* content and the smaller ones from an SR

with lower Cai?* content [49]. Interestingly,
when after a large transient, the SR Ca?* con-
tent was artificially elevated by a brief exposure
of the cell to a Na*-free solution, then the alter-
nans was interrupted and the next transient
was also large suggesting that changes of SR
Cai®*content are sufficient to produce alternans
[49]. Simulation studies consistent with isolat-
ed myocytes experiments showed the impor-
tance of the SR Ca load vs. Ca release relation-
ship. When the slope of the SR Ca content vs.
SR Ca release relationship was steep, i.e., >1,
Ca* alternans emerged and conversely when
the slopes were shallower no Cai2+ alternans
emerged. Interestingly, when we coupled shal-
lower slope (i.e.,<1) of SR load vs. SR release
curve with critically slow rates of SR Ca* reup-
take, Ca?* alternans emerged [51]. These find-
ings indicate that instabilities of Cai dynamics
arise independent of AP dynamics both in
experimental [52] and human studies during
open-heart surgery [53].

Conduction velocity (CV) restitution and the
emergence of SDA

CV like APD is also sensitive to the preceding
DI, and the CV vs. Dl relationship which is called
the CV restitution curve. The CV restitution
curve is typically flat at long DI but decreases at
short DlIs because of incomplete recovery from
inactivation of the fast Na current (I ) causing
slowing of CV. The slowing of the conduction
allows the DI to lengthen slightly at sites away
from the pacing site causing the APD to length-
en at the site distal to the pacing site. Important
slowing of the conduction at the distal site
occurs when the slope of the CV restitution
curve is steep so that a small delay in conduc-
tion engages longer delays at the distal site
causing greater prolongation of the APD as
defined by the APD restitution curve.
Consequently, at rapid rates of activation when
the steep portion of the CV restitution curve
becomes engaged then the SDA emerges [42,
43, 54, 55]. During SDA some regions of the
tissue alternate in a long-short-long APD pat-
tern, while other regions simultaneously alter-
nate in the opposite short-long-short APD pat-
tern as shown in Figure 2. These out-of phase
regions are separated by a nodal ling, in which
no alternans is present [42, 56, 57]. At a nodal
line, the spatial gradients in APD are the steep-
est, predisposing to localized conduction block
leading to reentry [18, 20]. Clearly reduced |
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availability such that occur with drugs [58], or
during either acute or chronic ischemia [59,
60], increases the range of DI over which CV
varies greatly (steep portion of the curve) pro-
moting spatially discordant alternans and
increased risk or reentry formation [61]. In
addition to steep CV restitution, Cai2+ dynamics
can also bring about SDA [43]. Discordant alter-
nans can be formed, independently of CV resti-
tution, when cellular Cai transient and APD are
electromechanically out of phase, i.e., a large-
small-large Caf* transient corresponds to a
short-long-short APD [43]. When the Cai to volt-
age coupling is positive, such that alternans at
the single-cell level is electromechanically in
phase, then Ca?* transient alternans in neigh-
boring cells will synchronize. On the other hand,
if the Ca?* to voltage coupling is negative such
that single-cell alternans is electromechanical-
ly out of phase, then Ca?* transient alternans
desynchronize. In this case the Ca*" transient
alternans can reverse phase over a length
scale of one cell, whereas APD alternans
reverses phase over a much longer length scale
set by the electrotonic coupling leading to SDA
[42, 43]. The importance of sufficiently steep
CV-restitution required to initiate discordant
alternans is needed only when the Ca*" tran-
sient and APD are in phase [42, 43]. The transi-
tion from a single reentrant or a focal VT to VF
in the intact heart occur via the emergence of
SDA alternans that lead to wavebreak causing
a transition from VT to VF [20, 21, 62].

Ectopic beat, tissue & repolarization heteroge-
neities, cellular coupling & SDA

Another mechanism by which SDA emerges
after a concordant alternans is the occurrence
of an ectopic beat. The role of the ectopic beat
in the transition from spatially concordant to
SDA is demonstrated to occur in one and two
dimensional (1D & 2D respectively) simulated
cardiac tissue. It is shown that the ectopic beat
arising after a short DI creates an asymmetric
distribution of DIs so during the next beat the
APD will be short at one side of the asymmetry
but long at the other [55]. Phase reversal in the
sequence of mechano-electrical alternans has
also been shown to occur during premature
stimulation in isolated cat myocytes [63].

Tissue heterogeneities, i.e., pre-existing APD
gradient, may facilitate the emergence of SDA
without the need for an ectopic beat as the het-

erogeneity of the APD breaks the symmetry of
DI distribution promoting SDA [42, 54, 64].
Local tissue heterogeneities can also promote
wavebreak(s) and subsequent wavefront disor-
ganization in situ hearts promoting reentrant
VT/VF [65]. Simulation studies have shown that
reducing gap junctional facilitates the emer-
gence of SDA via its influence on CV restitution
[61]. Subsequent experimental studies have
shown that the restoration of the gap junctional
conductance with rotigaptide in ischemic guin-
ea pig hearts, improved conduction and elimi-
nated SDA [66]. Finally, anatomic barriers may
also promote SDA. A study by Pastore et al has
shown that surgical induction of structural bar-
rier over the ventricle of guinea pig hearts pro-
moted SDA. It was suggested that structural
barriers facilitate the development of SDA
between cells with different ionic properties by
electrotonically uncoupling neighboring regions
of myocardium and that such mechanism could
explain why arrhythmia-prone patients with
structural heart disease exhibit T-wave alter-
nans at lower heart rates [67]. The surviving
epicardial border zone of canine infarcts is also
characterized with reduced gap junctional con-
nexin43 distribution [68] and an increased pro-
pensity of wavebreak and reentrant excitation
presumably caused by the increased asymme-
try of DI distribution [69].

Alternans vs. diffusive current & wavefront
curvature

There is strong evidence that axial current flow
through the gap junction between the cells (dif-
fusive current) affects not only the CV but cel-
lular repolarization and the APD restitution in a
rate-dependent manner [70-72]. This indicates
that in addition to intrinsic ionic current proper-
ties the intercellular axial current could also
affect the APD and APD restitution [71]. For
example it is shown in isolated-perfused guinea
pig hearts that when a premature electrical
stimulus is applied at short coupling intervals
the APD of cells located near <3 mm from the
site of the stimulating electrode fail to shorten.
This site is presumed to correspond to the site
of the earliest repolarization (i.e., the site of the
earliest depolarization repolarizes first), thus
deviating from the classical APD restitution
curve profile [71]. However, when the pacing
electrode was placed remote from the identical
recording site the APD shortened exponentially
with progressive increase in the prematurity of
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applied stimuli (i.e., stimuli applied at shorter
Dls). It is further shown that stronger currents
of stimulation result in even more shallower
APD restitution curve in cells located <3mm
from the stimulating electrode and an onset of
APD alternans at a faster pacing rates [71].
Simulation shows that the departure from the
classical restitution profile of cells located near
the pacing electrode is attributed to depolariz-
ing axial current present in regions of steep
repolarization gradients [71].

Effects of curvature: In addition to the active
properties of the cardiac cell membranes and
the passive electrical characteristics of the net-
work formed by these cells, the geometry of the
excitation wavefronts (curvature) may play an
important role in defining the speed of propaga-
tion causing slowing of propagation and con-
duction block [73]. Convex wavefronts (positive
curvature) have slower speed than flat wave-
fronts (zero curvature) and concave wavefronts
(negative curvature) have faster speed than flat
or convex wavefronts [74]. The APD of cells
located on wavefronts with positive curvature
have longer APD than cells in the region of neg-
ative curvature [74]. Curvature of the wave not
only changes the conduction velocity and APD
and their restitution properties, but also modu-
late local stability of the spiral wave, resulting in
distinct spiral wave phenotypes, including
meandering spirals and spiral breakup [74, 75].
In 3D simulated studies, curvature induced by
myocardial fiber rotation causes bending of the
scroll wave filament (i.e., the line around which
the scroll wave rotates) leading to scroll wave
breakup that coverts VT to VF [75].

Alternans and short-term cardiac memory

Short-term cardiac memory T, is defined as the
time needed to change the APD in response to
a change in the pacing rate (i.e., APD accom-
modation). Memory has been shown to limit the
reliability of the APD restitution slope criterion
in predicting the onset of APD alternans [76],
while at the same time greatly affecting the sta-
bility of nodal lines and the spatial distribution
pattern of SDA in the heart [57]. Simulation
studies suggest that APD restitution plots relat-
ing the APD to the preceding diastolic interval
as well as to the preceding APD (thereby con-
taining some degree of memory) one can
observe a stable 1:1 response pattern even
when the slope of the APD restitution curve is

>1 [76]. In these simulation studies, the
degrees of short term cardiac “memory” was
represented by changing the duration of the
previous AP, with longer APD reflecting larger
short-term cardiac memory and shorter APD
reflecting smaller short-term memory [76]. By
interacting short-term cardiac memory with the
CV restitution kinetics, SDA manifests a com-
plex spatial-temporal pattern. For example, a
recent optical mapping study in the whole rab-
bit heart suggests that the presence of short-
term cardiac memory, i.e., larger time constant
of APD accommodation, tends to destabilize
the nodal lines causing them to drift during the
onset of SDA. This finding indicates that areas
of the heart with larger short-term memory pro-
motes instability of the nodal lines promoting
complex spatiotemporal oscillations in the
heart [57], a pattern that we shown in in situ
canine heart to promote wavebreak and VF
[65]. The importance of larger short-term mem-
ory in causing nodal lines to drift is further
emphasized by the observation of stable nodal
lines in the regions of the heart that manifest
smaller short-term memory implied by the dis-
play of steep CV restitution vs. CV alternans
relationship [57]. The complex spatiotemporal
pattern of APD alternans that emerges in the
heart represents a form of bifurcation mecha-
nism characterized by a spatial mode of insta-
bility that lead to pattern formation, not unlike
the Turing instability described in chemical
reactions [77]. In his 1952 ground breaking
paper [77] Alan Turing, the underappreciated
great genius of the 20" century whose 1952
seminal paper was republished again in 1990
given its great importance [78], used a set of
differential equations to describe how chemical
instability characterized by reaction of chemi-
cal reactants followed by diffusion causes
spontaneous patterns to form now known as
“Turing patterns” [77, 79]. Turing discovered
that in order for spatial patterns to form the
reaction-diffusion of the chemical reactants in
the medium must manifest short range activa-
tion and long range inhibitory properties [77]. It
is reasonable to equate cardiac depolarization
(activation) to “short range activation” while
cardiac repolarization (refractoriness) to “long-
range inhibition”, thus conceptually providing
the necessary “reactants” to form a spatial pat-
tern in the heart (“diffusion medium”) [79]. The
complex spatial mode of APD distribution and
activation intervals (bifurcation) that emerges
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during heart rate acceleration observed in
experimental studies [57, 65] bear analogy to
the dynamic theory of spatial pattern formation
formulated by Turing sixty years ago [77].

Hopf-homoclinic bifurcation & EAD-mediated
triggered activity

The initiation of VT/VF by the mechanism of
EAD-mediated triggered activity observed in
experimental studies may also be the cause of
TdP and polymorphic VT in man [80-82]. Given
the importance of the EADs in the genesis of
potentially lethal tachyarrhythmias [14, 20, 21,
25-27] much work was vested to understand
the ionic and the dynamic mechanisms of these
rapid oscillatory membrane depolarizations
that suddenly interrupt the normal repolariza-
tion of a regular rhythm to cause VT. Unlike the
classical mechanism of “automaticity”, trig-
gered activity can not be initiated without a
prior action potential. That is, while automatici-
ty can be initiated spontaneously in an other-
wise quiescent tissue, for triggering to occur by
the EAD mechanism a prior action potential is
necessary [83]. Using combined experimental,
simulation and nonlinear dynamical analyses,
much insight is now gained into the mecha-
nisms of EAD that could pave the way for novel
and effective therapeutic approaches against
VT/VF that were previously unforeseen [8]. The
defining feature of the EAD-mediated triggered
activity is that it arises during either phase 2
[84] or phase 3 [85, 86] of the action potential
before the membrane potential has fully repo-
larized to the resting level. This is a dynamical
example of self-excited oscillatory behavior
which often self-terminates is consistent with
the dynamical signature of the dual Hopf-
homoclinic bifurcations [13, 14] that is amply
described to emerge in nonlinear dynamical
systems including diverse biological phenome-
na such as cell cycle [87], pacemaking in neu-
rons and heart [88], glycolytic oscillations [89],
and circadian rhythms [90].

The Hopf bifurcation may remain dynamically
stable, in that its repetitive motion in the state
space plot becomes represented by repeated
closed loop trajectories known as stable limit
cycle attractor. The repeating periodic loops will
remain on the same closed loop orbit as long
as the limit cycle remains stable that is, no
change in key parameter(s) of the system
develop(s) during the evolution of the limit
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cycle. EAD-mediated focal triggered activity in
the ventricle could cause focal VT as shown in
Figure 3. Since cardiac cellular homeostasis
can not remain stable during very rapid repeti-
tive activity, changes in key parameter(s) of the
cell function causes the original attracting
orbits of the limit cycle to repel. The repelled
orbits of the unstable limit cycle end up on a
trajectory with infinite period causing termina-
tion of the oscillation. This dynamic transition
that terminates the unstable limit cycle after an
initial slowing of its period is known as homo-
clinic bifurcation or saddle point bifurcation.
Thus the initiation and termination of EAD-
mediated triggered activity can be adequately
represented by the dual Hopf-homoclinic bifur-
cation dynamics [13, 14]. In order to define the
ionic basis of the Hopf-homoclinic bifurcation
hypothesis of EAD-mediated triggered activity
and its termination we used a relatively simple
three variable model of simulated ventricular
action potential. The three variables were the
rate constant of activation and inactivation of
the inward L-type Ca current (I, ) and the rate
constant of activation of a generic potassium
outward current [13]. Using these three vari-
ables we reproduced the Hopf-homoclinic bifur-
cation when the three time constants of the
two currents coincided in time and voltage with
values that exert a periodic influence on each
other. Specifically, the EADs were produced
when the activation rate of the outward potas-
sium current was delayed in the Ca window
voltage range so to allow reactivation of | to
be manifested unhampered [13]. The Ca win-
dow voltage range is the range of voltages
where the steady-state activation and inactiva-
tion curves the | intersect. This means that
the within this voltage range (-10 mV to -45 mV)
the Ltype Ca channel remains always open.
Should outward potassium current activation
remain delayed within this voltage range then
the EADs will emerge. In contrast, should the
potassium becomes activated in the Ca win-
dow voltage range, then the EADs will be sup-
pressed [13]. The results of this simplified car-
diac cell model provides proof-of-concept that
a mere kinetic manipulation of the inward and
outward current in the Ca window current range
critically defines the initiation and or suppres-
sion of EADs. In order to gain further insight
into the ionic mechanisms of Hopf-homoclinic
dynamic scenario we [14] recently used a more
realistic cardiac cell model which includes a
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detailed Ca** cycling and ionic fluxes [91]. We
found that during the EAD-mediated triggered
activity (Hopf bifurcation) the intracellular sodi-
um ion concentration (Na*) progressively rises
which in turn activates the electrogenic out-
ward Na-K pump current (I _, ). The amplitude of
the generated outward current progressively
increases during the evolution of the triggered
activity eventually becoming large enough to
counter the reactivation of |, in the Ca win-
dow voltage range thus terminating the trig-
gered activity after an initial slowing. This
dynamic profile is consistent with the homoclin-
ic bifurcation [14]. The key role played by the
rise in Na* in the termination of the triggered
activity is further emphasized by clamping its
rise and demonstrating the persistence of the
triggered activity in our simulation studies [14].
These studies point that the ionic counterpart
of the Hopf bifurcation is the repetitive reacti-
vation of | with critically delayed activation of
the outward current and that the homoclinic
bifurcation emerges when the rise in Na* pro-
motes outward current by activating the elec-
trogenic Na*-K* pump thus preventing EAD for-
mation and subsequenttriggering. An important
practical usefulness of the dynamic analyses of
EAD-mediated triggered activity is the ability of
the Hopf-homoclinic bifurcation scenario to
explain why EADs become suppressed with fur-
ther reduction in repolarization reserve [13,
14]. We investigated in neonatal rat ventricular
monolayers the role of further reducing the
repolarization reserve on Bay K8644 and iso-
proterenol-induced EADs and triggered activity.
By using two different methods of repolariza-
tion reserve reduction (block of transient out-
ward current, Ito, and prevention of the inacti-
vation of | with mutant calmodulin that does
not bind to Ca ions) the EADs were suppressed
by these two interventions despite excessive
prolongation of the APD [14]. A practical take of
these findings is that it explains the apparent
paradox of why some type of prolongation of
the QT interval in patients with the LQT syn-
drome do not develop Torsade de pointes while
others do [92]. AP prolongation per se is much
less prone to cause EADs if the plateau voltage
remains above the voltage range of | reacti-
vation, i.e., Ca window voltage. If the voltage
during the AP plateau remains prolonged but
above the voltage range of Ca window current
then no EADs emerge despite excessive prolon-
gation of the APD [93]. The Hopf-homoclinic
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bifurcation can also predict a third form of ter-
mination of oscillation, namely the mechanism
of failed repolarization [94, 95]. Our simulation
shows that non-repolarizing action potentials
(bistable regime) [14, 15] occur by simply alter-
ing the conductance of the I and the time
constant of the potassium current activation.
With a critical rise in the |, conductance a
stable and persistent action potential plateau
(failed repolarization) emerges that becomes
maintained by the Ca window current indepen-
dent of the activation time constant of the
potassium outward current [14]. However, with
time a further eventual increase in the outward
current terminates the state of failed repolar-
ization by bringing the membrane potential
back to the resting state [13, 14].

The predictions made by the Hopf-homoclinic
bifurcation can also help develop therapeutic
strategies to prevent the emergence of EADs
and triggered activity. The strategy is based on
altering the kinetics of the Ca window current
by either decreasing its size or flattening the
steepness of the steady-state activation and
inactivation curves of the | ~without interfer-
ing with Ca?* transient and excitation-contrac-
tion coupling. Phase 2 EADs are initiated
between -40 and O mV corresponding to the
range of membrane voltages where the steady-
state activation and inactivation curves of I,
overlap (i.e., ‘Ca window current’) [84, 96]. As
the AP repolarizes into this voltage ‘window’
range, a fraction of the |, that are not inacti-
vated become available for reactivation to gen-
erate the upstroke of the EAD. By adopting the
recently introduced technique of hybrid biologi-
cal-computational approach, i.e., the dynamic-
clamp technique [97] we replaced the native
I, of the myocyte with a computed virtual I,
with programmable properties [8]. We found,
as expected by the Hopf bifurcation theory [13],
that the formation of the EAD is highly sensitive
to the kinetics of activation and inactivation of
the |, in the window region, such that subtle
shifts in the voltage dependence of steady-
state |, activation or inactivation can abolish
EADs without affecting the amplitude or kinet-
ics of the intracellular Ca?* transient (i.e., pre-
served normal excitation-contraction coupling)
[8]. These findings are encouraging in that they
demonstrate ‘proof-of-concept’ of drug therapy
against EADs can be designed by manipulating
the kinetics of activation and inactivation of the
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.., Without affecting myocardial contractility.
Interestingly, whereas pharmacological agents
may have off-target effects in both cardiac and
non-cardiac tissue. A specific way to target |
could be to take advantage of the modulatory
accessory (beta) subunits of the L-type Ca
channels [98] to bring about the desired kinetic

properties of the |, to prevent EADs [8].
Clinical impact

In the 1990s, human clinical trials conclusively
established the link between cardiac alternans,
in the form of electrocardiographic T wave alter-
nans, and the emergence of reentrant VT/VF in
man [33, 34]. Similarly, the evidence linking
EAD to triggered activity and Torsade de Pointes
in humans is also mounting and increasingly
appreciated [14]. Since both of these mecha-
nisms increase the risk of sudden cardiac
death in man and since the dynamic mecha-
nisms of both of these two types of arrhythmias
are compatible with the period doubling and
Hopf-homoclinic bifurcation theories respec-
tively, it is hoped that the bifurcation theory
may provide novel insight and therapeutic
potentials to control sudden cardiac death
caused by VF in man. The example of manipu-
lating the kinetics of activation and inactivation
of I, described here is a promising novel and
effective therapeutic strategy against VF with-
out compromising the normal excitation-con-
traction coupling process [8].
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