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Abstract: Pancreatic cancer is one of the deadliest diseases and becoming an increasingly common cause of cancer 
mortality. It continues to give rise to massive challenges to clinicians and cancer researchers. One of the main goals 
of our present study is to determine if there exists any statistically significant difference in the survival probabilities 
of male and female pancreatic cancer patients in different cancer stages and irrespective of stages. Another goal 
is to investigate if there exists any parametric probability distribution function that best fits the male and female 
patient survival times in different stages of cancer, irrespective of stages, and compare the survival probabilities 
with the non-parametric Kaplan-Meier (KM) method. We employed both parametric and non-parametric statistical 
approaches to examine the survival probabilities of 10,000 patients diagnosed with pancreatic cancer and showed 
that there is no significant difference in male and female survival times at any stage except stage IV. We also found 
no evidence of a statistically significant difference in overall mean survival durations between male and female pan-
creatic cancer patients, regardless of stage. We used parametric survival analysis and identified the Generalized 
Pareto (GP) probability distribution as the best fit to the overall survival data for pancreatic cancer patients. Also, 
we identified the appropriate probability distributions for patients in different cancer stages. We then estimated 
the overall survival probabilities and compared them with the frequently used non-parametric Kaplan-Meier (KM) 
survival method, which is not as powerful as our parametric analysis. An assessment of the survival probability 
estimates generated by the two procedures found that the parametric method produced a better survival prob-
ability estimate than the Kaplan-Meier approach. We further compared the median survival times of patients using 
descriptive, parametric, and non-parametric techniques of analysis and found that the results were relatively con-
sistent. We found that parametric survival analysis is more reliable and efficient than non-parametric Kaplan-Meier 
estimates since it is based on a well-defined parametric probability distribution.

Keywords: Pancreatic cancer, parametric survival functions, Generalized Pareto (GP) probability distribution, 
Probability-Weighted Moments (PWM) estimates 

Introduction

Pancreatic cancer is still one of the most lethal 
diseases affecting human mortality, and it 
remains a serious and intractable health issue 
at the start of the twenty-first century. It is esti-
mated that this disease kills approximately 
30,000 people in the United States each year 
[1]. Researchers discovered that pancreatic 
cancer is the fourth leading cause of mortality 
from cancer in the United States and accounts 
for an estimated 227,000 fatalities worldwide 
each year. The incidence and mortality rates 
from pancreatic tumors have gradually in- 
creased, although the incidence and mortality 
rates from other prevalent cancers have 

decreased. “In spite of the developments in the 
detection and management of pancreatic can-
cer, it is estimated, approximately 4% of patients 
will live five years after diagnosis” [2]. The pan-
creas is made up of digestive enzyme-secreting 
acinar cells, bicarbonate-secreting ductal cells, 
Centro acinar cells (the geographical transition 
between acinar and ductal cells), hormone-
secreting endocrine islets, and largely dormant 
stellate cells. Adenocarcinomas are the most 
lethal pancreatic neoplasms. “Rare pancreatic 
neoplasms include neuroendocrine tumors 
(responsible for the secretion of hormones like 
insulin or glucagon) and acinar carcinomas 
(which can release digestive enzymes into the 
circulation). Precisely, ductal adenocarcinoma 

http://www.ajcr.us


Pancreatic survival analysis

4726 Am J Cancer Res 2021;11(10):4725-4745

is the most common malignancy of the pancre-
as; this tumor (commonly referred to as pancre-
atic cancer) presents a substantial health prob-
lem, with an estimated 367,000 new cases 
diagnosed worldwide in 2015 and an associat-
ed 359,000 deaths in the same year” [3, 4]. 
After the detection of pancreatic cancer, doc-
tors usually perform some additional tests to 
understand better if cancer has been spread or 
the locations of spreading areas of cancer. 
Imaging tests, such as a PET scan, assist doc-
tors by identifying the presence of cancerous 
growths. With these tests, doctors try to estab-
lish the cancer stage of a given patient with 
pancreatic cancer. Staging helps explicate the 
advancement of cancer. It also assists doctors 
in deciding treatment options. Once a diagno-
sis has been made, the doctor assigns a stage 
to the patient depending on the results of the 
following tests:

• Stage I: Tumors exist solely in the pancreas.

• Stage II: Tumors have spread to adjacent 
abdominal tissues or lymph nodes.

• Stage III: Cancer has spread to major blood 
vessels and lymph nodes.

• Stage IV: Tumors have spread to other organs, 
such as the liver, lung, bone, etc. 

Despite pancreatic cancer remains incurable in 
most situations, most researchers studying 
this kind of cancer have concentrated on how 
to enhance the survival periods of individuals 
diagnosed with pancreatic cancer at various 
stages. Recently, clinical researchers are using 
the Kaplan-Meier (KM) method extensively in 
order to analyze the clinical data. Based on the 
log-rank test, this method is often used in 
health sciences to compare the survival differ-
ences of two or more groups of patients. Our 
work gives a parametric and non-parametric 
survival analysis of Pancreatic Cancer patients’ 
survival periods. Identifying the unique proba-
bility distribution that characterizes the proba-
bilistic behavior of the survival times is vital for 
any real-world phenomenon. For our case, we 
can proceed to find the analytical form of the 
survival function of the data, driven by the spe-
cific probability distribution. This sort of para-
metric analysis is typically more potent than 
non-parametric analysis. “Feigl and Zelen [5] 
have shown that the assumption of exponential 

distribution works well for studying some of  
the survival of cancer-related studies” [6-8]. 
Assuming such a probability distribution with-
out rationale, on the other hand, may result in 
misleading results. As a result, it is critical to 
determine the accurate probability distribution 
of patient survival times based on gender, race, 
and other factors. In this study, we identify the 
probability distribution that best fits the surviv-
al times, and then we proceed to acquire the 
survival functions of male and female patients 
in four cancer stages. We also made a compari-
son of our parametric probability estimates 
with the frequently used Kaplan-Meier (KM) 
method. The structural organization of the 
paper is as follows: In Section 2.1, we provide 
the data discussion and perform the non-para-
metric Wilcoxon test to investigate if there 
exists any significant difference between the 
male and female patients at any individual 
stage. In section 2.2, we discuss the stage-
based descriptive analysis with graphical repre-
sentation. In section 3, we discuss specific 
details about the parametric survival analysis 
of pancreatic cancer patients at different stag-
es. In section 4, we investigate the significant 
difference in overall survival times of male and 
female patients by log-rank test [9, 10] and dis-
cuss in detail the overall parametric survival 
analysis of patients irrespective of stages. We 
also describe the parameter estimation proce-
dure of GP probability distribution in Section 
4.3 elaborately. Section 5 describes the KM 
estimate and compares patients’ median sur-
vival times using descriptive, parametric, and 
non-parametric techniques. Section 6 com-
pares the Generalized Pareto (GP) probability 
distribution with non-parametric KM estimates 
for patient survival probability estimates. 
Sections 7 and 8 provide results & discussion, 
and conclusion, respectively.

Methodology

Brief description of data

The study data has been collected from the 
Surveillance, Epidemiology, and End Results 
(SEER) database. It includes information on the 
survival times of patients with pancreatic ade-
nocarcinoma. We are interested in each 
patient’s survival time (in months) and cause-
specific mortality (deaths owing to pancreatic 
cancer). The patient survival time is one of the 
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most important components considered in 
research relating to cancer. It is vital to assess 
the extent of cancer, which aids in determining 
the prognosis and determining the best treat-
ment techniques. We considered a random 
sample of 10,000 patients diagnosed with pan-
creatic cancer, including males and females. A 
schematic data diagram used in this study with 
necessary attributes is shown in Figure 1. As 
the following figure describes, in our dataset, 
we have information on survival times regard-
ing 5,100 male and 4,900 female patients 
diagnosed with pancreatic cancer.

Before we begin the parametric analysis of 
patient survival times, we must first determine 
whether there is a statistically significant differ-
ence in the true survival times of genders, i.e., 
male and female patients in different stages of 
cancer. We employ the two-sample Wilcoxon 
test with the following hypothesis for this 
purpose.

H0: There is no significant difference between 
the true mean survival times of male (μM) and 
female (μF) patients at stage i.i = 1, 2, 3, 4. That 
is, μM= μF. Vs. H1: Differences exist between 

the male and female pancreatic cancer patient 
survival times at stage I, stage II, and stage III. 
However, at stage IV, the difference is signifi-
cant. In the next section, we proceed to identify 
the parametric probability distributions and 
survival functions of the survival times of 
patients, along with some important descrip-
tive statistics.

Descriptive analysis of pancreatic cancer pa-
tients in different stages-A gender-based clas-
sification

Descriptive statistics provide a basic picture of 
different cancer stages before performing any 
sophisticated statistical methods on the data.

Table 2 illustrates the different descriptive sta-
tistics for male and female patients in four dif-
ferent stages.

We now proceed to identify the most appropri-
ate probability distributions that drive the sur-
vival times of patients in different stages (I, II, 
III, and IV), classified by gender. We came to 
know from the last section that there does not 
exist any significant difference between male 
and female survival times in stages I, II, and III. 
However, we found a significant difference in 
survival times of male and female patients in 
stage IV. We have obtained the best fits for 
each stage and estimated their individual 
parameter estimates. Identification of the most 
suitable probability distribution is crucial since 
it gives better survival probability estimates for 
both male and female patients in each of the 
stages that are driven by the specific probabili-

Figure 1. Pancreatic cancer data sorted by gender and stages.

male and female survival times 
in stage I. That is, μM ≠ μF.

After we analyze the data for 
male and female patients in 
each stage, we proceed to per-
form the combined analysis for 
all stages, classified by gender. 
Table 1 illustrates the test 
results along with the p-values 
in different stages for male 
and female pancreatic cancer 
patients.

As the results of Table 1 sug-
gest, there does not exist a sig-
nificant difference between 

Table 1. Wilcoxon test results for different 
stages, classified by gender
Stages P-Values Result
I 0.75 Difference does not Exist
II 0.25 Difference does not Exist
III 0.84 Difference does not Exist
IV 0.001 Difference Exists
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ty distribution. Once we obtain the parametric 
estimates from the probability distributions at 
each of the stages, for male and female 
patients, we can derive the probability density 
functions (pdfs), cumulative distribution func-
tions (cdfs), and parametric survival function 
driven by the specific probability distribution.

Parametric analysis of pancreatic cancer sur-
vival time for different stages

Johnson (1949) [28] proposed systems of dif-
ferent frequency curves based on transforma-
tions of the following form:

z f
x= +
- g

c d
m

` j

where z is a standard Normal variable, f is a 
function taking different forms SL, SB, and SU. 
Our data in stage I follows Johnson SB Probability 
distribution with parameters γ (shape parame-
ter), δ (shape parameter), ζ (location parame-
ter), and λ (scale parameter). In stage II, and 
stage III, the data follows a generalized extreme 
value (GEV) probability distribution. Chakrabor- 
ty & Tsokos [27] describes in detail the param-
eter estimation procedure of acute myeloid leu-
kemia cancer data modeled by GEV probability 
distribution using probability-weighted moment 
(pwm). In stage IV, the data follows a general-
ized Pareto (GP) probability distribution. In sec-
tion 4.3, we discuss in detail the parameter 
estimation procedure of generalized pareto 
(GP) probability distribution for overall survival 
times of the patients. We now proceed to dis-
cuss the parameter estimation process of the 
Johnson SB, distribution in stage I. SFIEKIERS 
[29] has given a brief summary about the 
parameter estimation procedure of Johnson SB 
probability distribution using moments of trans-
formed values of a random Variable. Let T be a 
random variable denoting the survival times of 

patients in stage I. Then, the p.d.f of T is given 
by:
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From the data, the extreme order statistics tmin 
and tmax are determined. In our case, at stage I, 
tmin = 0, and tmax = 155. Since, ζ, and λ are the 
location and spread parameters respectively, cg  
= tmin = 0 (since the minimum value of the sur-
vival time t is 0), and cm  = (tmax-tmin) = (155-0) = 
155 = tmax. Given the estimated values, cg  and 
cm , we proceed with the following transforma-
tion, that is, the values of ti are transformed to:
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The estimates of the other parameters cc , and 
cd  take the following form:
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The validity of the study data following different 
probability distributions has been justified 
using the goodness of fit tests. Soukissian [30] 
fitted a Johnson SB probability distribution to 
the wind speed data and used Kolmogorov-
Smirnov (K-S) and Anderson-Darling (A-D) tests 
to justify the goodness of fit assumptions. We 
followed the same approach using Kolmogorov-
Smirnov (K-S), Anderson-Darling (A-D), and 
Cramér-von Mises (CVM) goodness of fit tests. 
Table 3 provides the goodness of fit test results 
along with the p-values for all probability distri-
butions in the four different stages.

Table 2. Descriptive statistics of survival time (in months) of pancreatic cancer patients classified by 
gender in different stages
Gender Mean Median Std. Dev. Skewness Kurtosis Std. Error
Combined (Stage I) 30.6 20 31.5 1.33 1.14 0.76
Combined (Stage II) 21.44 14 23.50 2.14 5.10 .33
Combined (Stage III) 16.92 8 14.71 3.73 20.01 .37
Male (Stage IV) 6.7 3 12.73 4.78 30.44 .18
Female (Stage IV) 7.50 3.11 13.67 4.63 27.80 .20
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As the p-values shown in Table 3 of the given 
data, we fail to reject the fact that the observa-
tions (survival times) follow the specified prob-
ability distributions in each of the four stages. 
Table 4 provides the specific probability distri-
butions in each stage and their individual 
parameter estimates (approximate), classified 
by gender.

Table 5 illustrates the analytical forms of the 
probability density functions of male and 
female patients for the different stages, with 
their parametric estimates.
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Where Φ(·) is the cdf of a standard normal prob-
ability distribution. ( ; , , , )F tIc c c c cg m c d  is the cdf of 
Johnson SB Probability distribution. The survival 
function S(·) can be used to estimate the prob-
ability that a patient diagnosed with pancreatic 
cancer would survive beyond time t, which is 

Table 3. Goodness of tests for four stages
Stages Gender Prob. Distribution GOF Tests p-Values
I Combined Johnson SB A-D .11

K-S .13
II Combined GEV A-D .27

K-S .21
III Combined GEV A-D .09

K-S .1
IV Male GPD CVM .22

K-S .18
IV Female GPD CVM .19

K-S .17

Table 4. Probability distributions and and parameter estimates 
of survival times of pancreatic cancer patients in different 
stages
Stages Gender Probability Distributions Parameter Estimates
I Combined 4-Parm. Johnson SB cc=1.2,

cd=.62,

cm=155,

cg=0
II Combined Gen. Extreme Value (GEV) cn=10.18,

cv=10.83,

kc=.32

III Combined Gen. Extreme Value (GEV) cn=5.54,

cv=6.07,

kc=.37

IV Male Gen Pareto (GP) cn=0,

cv=4.12,

kc=.25

IV Female Gen Pareto (GP) cn=0,

cv=4.63,

kc=.41

After we estimate the parame-
ters for the specific probability 
distributions, we can present 
the exact analytical forms of the 
cancer survival times in each of 
four different stages.

Table 5 illustrates the analytical 
forms of the probability density 
functions of male and female 
patients for different cancer 
stages.

Figures 2-4 illustrate the proba-
bility density function (pdf) and 
cumulative distribution function 
(cdf) of the patients at stage I, 
stage II, and stage III, respec-
tively. Figures 5 and 6 show the 
histogram, pdf, and cdf of male 
and female survival time at 
stage IV, respectively.

Parametric survival analysis for 
different stages

Once we have the analytical 
structures of the survival times 
of patients in different stages, 
driven by different parametric 
probability distributions, we can 
express the survival function S(t) 
analytically as a function of the 
cumulative distribution function 
(cdf). Now we proceed to express 
the analytical forms of the sur-
vival functions for the four differ-
ent stages, with respect to Table 
4. The estimate of the paramet-
ric survival function of patients 
diagnosed with pancreatic can-
cer in stage I is given by:
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denoted by P (T≥t). For example, we can com-
pute the probability that a male patient diag-
nosed with pancreatic cancer would survive 
beyond 30 months. For example, for t=40 in 
Equation (1), we estimate the probability is 
0.29 approximately. Thus, we can infer that a 
randomly chosen patient classified at stage I 
with pancreatic cancer has a 29% chance of 
survival beyond 40 months, as shown by Figure 
7.

Similarly, the estimate of the parametric sur-
vival function of patients, driven by GEV proba-
bility distribution function diagnosed with pan-
creatic cancer in stage II is given by:

( ; , , ) 1 ( ; , , )

1 1 (2)

1 1 .32 10.83
10.18 , 10.18

S t k F t k

exp k
t

exp t t

1

.32
1

II II

k

-

= -

= - - -
-

= - - -
$

c c c c c c c c

c
c

n v n v

v

ncc

``

mm

jj

=

;

G

E

As the following survival plot (Figure 8) for sta- 
ge II patients illustrates, patients in stage II 
have a comparatively lower survival proba- 
bility than stage I patients, which is quite natu-
ral. With reference to the last example, we  
can predict the survival probability as 13%  
for a stage II patient, surviving beyond t=40 
months.

Now we proceed to express the GEV in analyti-
cal form for the stage III patients in a similar 
manner. The survival function at stage III can 
be given by:
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From Figure 9 illustrates that the survival prob-
ability is decreasing, and it is approximately 5% 
for a randomly chosen patient who will survive 
beyond t=40 months after the patient is diag-
nosed with pancreatic cancer, stage III.

Results from Table 1 suggested that there is a 
significant difference between the true mean 
survival times of stage IV patients, classified by 
gender. Thus, we now proceed to express the 
analytical forms of the survival times for male 
and female patients separately at stage IV. The 
parametric survival function, driven by GPD, at 
stage IV male patients is expressed as:
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Similarly, the parametric survival function, driv-
en by GPD, at stage IV female patients is given 
by:
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Table 5. Analytical forms of the probability density functions of patient survival times in different 
cancer stages
Gender Analytical Forms
Combined (I)
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Figure 2. Showing the probability density function (pdf), and cumulative distribution function of survival times of patients at stage I.

Figure 3. Showing the probability density function (pdf), and cumulative distribution function of survival times of patients at stage II.



Pancreatic survival analysis

4732 Am J Cancer Res 2021;11(10):4725-4745

Figure 4. Showing the probability density function (pdf), and cumulative distribution function of survival times of patients at stage III. 
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Figure 5. Showing the probability density function (pdf), and cumulative distribution function of survival times of male patients at stage IV.

Figure 6. Showing the probability density function (pdf), and cumulative distribution function of survival times of female patients at stage IV.
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As Figures 10 and 11 indicate, the survival 
probabilities are extremely low (2% for male 
patients and 3% for female patients) for surviv-
ing beyond t=40 months after the diagnosis at 
stage IV.

Parametric analysis of the survival times of 
patients with pancreatic cancer-a combined 
analysis

So far, we have discussed the parametric ana-
lytical forms of the survival times of patients in 
different stages. We also computed the surviv-
al functions of patients in different stages. We 
found no significant difference in the true mean 
of the survival times of male and female 
patients except stage IV. We now proceed to do 
the same for the combined data, irrespective of 
stage. At first, we will check if there exists a sig-
nificant difference between the true mean sur-
vival times of male and female pancreatic can-
cer patients. For this purpose, we use the log-
rank test and found that there is insufficient 
sample evidence to reject the hypothesis that 
the distribution of mean survival times between 
the Male and Female patients diagnosed with 
pancreatic cancer is the same. Figure 12 illus-
trates the behavior of overall survival curves of 

male and female patients. As Figure 12 illus-
trates, the survival curve of males (sky-blue) 
and the survival curve of females (red) are 
almost identical, which implies that they exhibit 
similar characteristics.

Descriptive statistics of the survival times of 
pancreatic cancer patients 

In this section, we proceed to analyze the com-
bined survival data descriptively. We represent 
the histogram and probability density function 
(pdf) to investigate the probability distribution 
of the survival times of pancreatic cancer 
patients, as shown in Figure 13. The figure fol-
lows that the probability distribution of the 
overall survival time is right-skewed. Table 6 
displays the descriptive statistics of the overall 
survival times for pancreatic cancer patients. 
We see that the mean (average) survival time 
for patients diagnosed with pancreatic cancer 
is 10.87 months. It implies that a randomly 
chosen patient diagnosed with pancreatic can-
cer is expected to survive for 10.87 months on 
average. Also, the median survival time is six 
months, which implies that the probability/
chance of survival of a male or female patient 
beyond six months is approximately 50%. The 

Figure 7. Parametric survival plot of pancreatic cancer patients at stage I.
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positive skewed value of 3.07, as shown in 
Table 6, for patients diagnosed with pancreatic 
cancer, is further evidence to support the right-
skewed behavior of the data, as shown in 
Figure 13, and the kurtosis value of 12.67 in 
Table 6 attests to the leptokurtic behavior of 
the survival data. Table 6 illustrates the differ-
ent descriptive statistics for survival times of all 
patients combined diagnosed with pancreatic 
cancer.

Some literature reviews on the three param-
eter Generalized Pareto (GP) probability distri-
bution and estimation

We will now conduct a parametric analysis of 
the survival times of patients diagnosed with 
pancreatic cancer to find the underlying proba-
bility distribution that best describes the proba-
bilistic behavior of patient survival times (both 
genders). In order to obtain the best-fitted prob-
ability distribution, a number of classical distri-
butions were tested to fit the data. We used the 
famous Anderson-Darling test [12] and Cramér-
von Mises test [11] to find the best-fitted prob-
ability distribution function that describes the 
probabilistic pattern of the patients’ survival 

times. Also, we estimate the expected survival 
times and median survival times that are driven 
by the best-fitted probability distribution. The 
best-fitted probability distribution that charac-
terizes the probabilistic behavior of the survival 
times of the male and female patients accu-
rately is the three-parameter (3-P) Generalized 
Pareto (GP) probability distribution. Table 7 pro-
vides the goodness of fit (GOF) results of the 
3-P GPD distribution.

The findings of the GOF test demonstrate that 
we are unable to reject the null hypothesis that 
the subject data (survival times for males and 
females) follow a GP probability distribution. In 
this section, we define the probability density 
function (pdf) of the Generalized Pareto distri-
bution and the statistical methods for comput-
ing the approximate parameter estimates. The 
Generalized Pareto distribution (GPD) is a fami-
ly of continuous probability distributions devel-
oped on the basis of extreme value theory in 
the field of probability theory and statistics 
[13]. The GPD is a generalization of the Pareto 
distribution (PD). “The PD was studied exten-
sively by Arnold (1983), and the problem of esti-
mation in the PD was considered by Arnold and 

Figure 8. Parametric survival plot of pancreatic cancer patients at stage II.
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Press (1989)” [14]. It has been used broadly by 
several researchers to model data arising from 
several fields. “Hosking and Wallis used the 
GPD to model the annual maximum flood of the 
River Nidd at Hunsingore, England” [15]. 
“Grimshaw used it to model tensile strength 
data from a random sample of nylon carpet 
fibers” [16]. Other estimation procedures and 
applications of the GPD in extreme value analy-
sis using numerical optimization have been 
illustrated by Castillo and Daoudi [17]. Let T be 
a random variable following GPD with location 
parameter μ, scale parameter σ > 0 and shape 
parameter k. That is, T~GDP (μ, σ, k) with the 
domain t k

-# #n n
v , for k<0 and μ≤t<∞, for k≥0. 

Then, the probability density function (pdf) of T 
is given as follows:

( ; , , )

1 1 0

1 0

(6)f t k
k
t

, k

exp
t

,k

1 1

GDP

k

=
+

-

-
-

=

!
n v

v v

n

v v

n

--

`e

^c

j o

h m

; E
Z

[

\

]
]

]]

The associated cumulative distribution func-
tion (cdf) is shown below:
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There are different procedures to estimate the 
parameters μ, σ, and k of the GP probability dis-
tribution. Some of these methods include the 
elemental percentile method (EPM) proposed 
by Castillo and Hadi [18]. “Grimshaw proposed 
an algorithm for computing the maximum likeli-
hood estimation (MLE) of the parameters of the 
GPD” [16]. Hosking & Wallis [15] derived  
a parameter and quantile estimation mecha-
nism based on Probability-weighted moments 
(PWM). Zhang proposed an improved maximum 
likelihood estimation using the empirical 
Bayesian method to overcome the non-exis-
tence problem of the PWM estimator [19]. 
Castillo and Hadi proposed a more efficient 
optimization algorithm for estimators of the 
GPD parameters where the proposed estima-
tors are defined for all possible values of the 
parameters [20]. The performance of the esti-
mators was found to be better than the method 
of moments (MOM) and Probability-Weighted 
Moments (PWM) estimates. Pham, Tsokos, & 
Choi proposed a GP parameter estimation 
method for censored data and validated their 
results using a sensitivity and specificity test 
[21]. Singh & Gao developed a parameter esti-
mation method using the principle of maximum 
entropy (POME) for 3-P GPD [22]. Since we 
have enough data to analyze, we can choose 
any well-known method for our parameter esti-

Figure 9. Parametric survival plot of pancreatic cancer patients at stage III.
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mation purpose. In the next subsection, we dis-
cuss the parameter estimation procedure of 
3-P GPD briefly by the PWM method.

Estimating the parameters of 3-P GP probabil-
ity distribution using the probability-weighted 
moments (PWM) method

The probability-weighted moments (PWM) of a 
random variable T with cumulative distribution 
function F (t) = P (T≤t) is given by:

Mp,r,s = E[Tp{F(t)}r{1-F(t)}s]                                   (8)

Where p, r, and s are real numbers. Probability-
weighted moments can be expressed as a 
function of the inverse distribution function 
F-1(t) = t(F) in closed form by:

( ) 1M t F F F ]
0

1

p,r,s
p r s-= " ", ,#                         (9)

The two special cases of Mp,r,s which are com-
monly used are:
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Where T inside the E[·] is the inverse distribu-
tion of T, denoted by t(F) To estimate the param-
eters of GPD, we use αs = M1,0,r = E[T{1-F(t)}s] 
according to the approach used by Singh & Gao 
[22].

From (7), we can solve for T to obtain the inverse 
cdf, t(F). The inverse distribution function is 
given by:

t(F)= 1 (1 ) if 0
(1 ) if 0

k F k
log F k
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-

+
- =

!n
v

n v

") ,            (11)

The analytical form of αs for the 3-P GPD is 
given as follows. Using expressions (10) and 
(11). 

From (10), we have:
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Thus, for k≠0; the probability-weighted mo- 
ments (PWM) of the 3-P GP distribution is given 
by (12). In equation (12), substituting s = 0, r = 

Figure 10. Parametric survival plot of male pancreatic cancer patients at stage IV.
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1 and r = 2 we can obtain explicit expressions 
of α0, α1, and α2 in terms of μ, σ, and k. That is: 

1
1

k k k0 = + -
+a n

v v` `j j                              (13)

2
1

2
1

k k k1 = + -
+a n

v v` `j j                        (14)

and

3
1

3
1

k k k3 = + -
+a n

v v` `j j                        (15)

The PWM estimates of the parameters ( , ,kc c cn v ) 
can be obtained by solving the equations (13), 
(14), and (15) for μ, σ, and k. After solving the 
above three equations, we obtain the explicit 
expressions of the PWM estimates [22] as 
follow:
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Table 8 shows the approximate parameter esti-
mates of survival times driven by a 3-P GP 
probability distribution.

Now substituting the parameter estimates  
of μ, σ, and k in (6), we obtain the analytical 
form of the probability density function (pdf) of 
patients’ survival times. The analytical form of 
the GP probability density function (pdf) for 
combined pancreatic cancer survival time is 
given by:

( ) 8.9
1 1 .22 8.9

.22 , .22 (19)f t t t
5.54

Combined = +
-

$
-

` j8 B

The probabilistic behavior of the overall surviv-
al times of male and female patients with pan-
creatic cancer is characterized by the above 
probability density function. Now, we will com-
pute the expected survival times of patients 
driven by GP probability distribution. Using esti-
mates given in Table 8, we can find the expec-
tations and median survival times for the 
patients that follow GDP (.65, 8.9, .22).

The expected value of a random variable T fol-
lowing GDP (μ, σ, K) is given by:

( )
1
, < 1E T
k
k= +

-c
c
c cn
v                                    (20)

Figure 11. Parametric survival plot of female pancreatic cancer patients at stage IV.
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Using Equation (20), the expected survival time 
for pancreatic cancer patients following GDP 
(.65, 8.9, .22) is:

( ) .65
(1 .22)
8.9 12.06E T = +
-

=  months.

The median survival time T of GDP (μ, σ, k) is 
given by:

( ; , , )
(2 1)

Med t k
kGDP

k -
= +c c

c
n v n

v
c

                   (21)

The overall median survival periods of male 
and female pancreatic patients can be com-
puted from Equation (21):

.65 .22
8.9 (2 1)

7.31Med T[ ]
.22

GDP = +
-
=  months.

We can compute the cumulative distribution 
functions (cdf) of the random variable T after 
we have the analytical forms of the pdf. The 
analytical form of the GPD is given by:

( ) 1 1 .22 8.9
.65 , .65 (22)F t t tCombined

.4 45

= - +
-

$
-

` j8 B

Figure 14 illustrates the cdf plot of the over- 
all survival times. As Figure 14 illustrates, the 
cdf plot is highly useful for estimating the 
chances that a given male or female patient 
diagnosed with pancreatic cancer would sur-
vive until a certain point in time. For example, 
the probability that a randomly diagnosed 
patient will survive up to time months is approx-
imately 91.5%. The parametric survival analy-
sis of pancreatic cancer patients’ overall sur-
vival times, which is one of the essential com-
ponents of this study, will be discussed in the 
next section.

Parametric survival analysis

The process of estimating the parametric sur-
vival function is used to evaluate the survival 
probabilities of pancreatic cancer patients 
(male or female) as a function of time. In 
Equation (22), we calculated the cdf of survival 
periods for patients diagnosed with pancreatic 
cancer. We now proceed with estimating the 
analytical form of the GP parametric survival 
function of patients, irrespective of stages, 
which is given by:

( ; ) 1 ( ; )

1 .22 8.9
t .65 , .65

S t , ,k F t , ,k

t
.4 45

= -

= +
-

$

c c c c c c c cn v n v

-
` j8 B

   (23)

The survival function Sc (·) can be used to esti-
mate the probability that a randomly selected 
patient diagnosed with pancreatic cancer 
would survive beyond time t, which is denoted 
by P (T≥t). For example, we can compute the 
probability that a patient diagnosed with pan-
creatic cancer would survive beyond 30 
months. That is, in Equation (23), we estimate 
the probability as 0.09. As a result, we can con-
clude that a randomly selected pancreatic can-
cer patient has a 9% chance of surviving beyond 
30 months. The GP parametric survival curve 
for pancreatic cancer patients is depicted in 
Figure 15. The non-parametric Kaplan-Meier 
Survival function for pancreatic cancer is dis-
cussed briefly in the next section.

Kaplan-Meier estimation of survival probabil-
ity of the survival times of patients with pan-
creatic cancer

Many clinical scientists use the Gaussian prob-
ability distribution to model the time-to-event 
phenomena or take the logarithmic transforma-
tion of the data to fit a probability distribution to 
the data parametrically. Such assumptions 
about the data and transformations should be 
justified. However, non-parametric methods are 
often used to estimate the survival probabili-
ties in some cases where the appropriate para-
metric structure of the data is unknown or dif-
ficult to estimate. The Kaplan-Meier (KM) esti-
mator [24, 25], a.k.a, the product-limit estima-
tor, is a non-parametric statistic used to esti-
mate the survival function from data. In health 
sciences, it is used to calculate the percentage 

Figure 12. Log-rank test showing in difference in sur-
vival times.
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of patients who survive for a period of time 
after receiving any specific therapy. Edward L. 
Kaplan and Paul Meier proposed it in 1958, 
which is defined as the product of the condi-
tional probabilities of surviving to the next fail-
ure time multiplied by the failure times. 
Theoretically, the estimate is defined as:

i
i

i( ) (1 ) (1 )S t q n
d

i it t t t
= - = -

# #

t t% %                          (24)

where ni represents the number of patients at 
risk at the time ti, and di denotes the number of 
individuals who fail (die) at a specific time.

Figure 16 demonstrates the overall non-para-
metric survival curve for patients diagnosed 
with pancreatic cancer.

Median survival using KM estimate

Median survival time describes how long a gr- 
oup of patients survives with an ailment in gen-
eral or after a specific treatment has been 
implemented. Median survival time is when 
half the patients who are susceptible to a spe-
cific ailment are expected to be alive. It is de- 
fined as the probability of surviving beyond a 
specific time t is 50%. Generally, the median sur- 
vival time [26] is defined as, ( ) 0.5t inf t;S tmed = #c c" ,.

It means that it is the smallest t such that the 
estimated survival function S(t) is less than or 

Figure 13. The probability distribution for the combined data.

Table 6. Descriptive statistics of survival 
times (in months) of overall pancreatic can-
cer patients
Descriptive Statistic Measures
Mean 10.87
Median 6
Std. Dev. 14.63
Skewness 3.07
Kurtosis 12.67
Std. Error .24

Table 7. Goodness-of-fit test of the GPD of the 
survival times of male and female

Statistical Tests P-Values 
Male

P-Values 
Female

Kolmogorov-Smirnov 0.27 .38
Cramér-von Mises 0.22 .18

Table 8. Parameter Estimates of 3-P GP prob-
ability distribution
Parm. Estimates Values

Location ( cn ) .65

Sacale (cv ) 8.9

Shape (kc ) .22
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Figure 14. cdf plot for the combined data.

Figure 15. Parametric survival plot of overall survival times.

equal to 0.5. The median survival times com-
puted using a non-parametric KM estimator, for 
the pancreatic cancer patients are given as six, 
which is evident from Figure 16. It is very inter-
esting to note that the median survival time we 
obtained by the descriptive method (Table 5) is 
exactly the same as what we obtained from the 
non-parametric method. However, the median 
survival times we obtained using the paramet-
ric method (implementing the GPD) are signifi-
cantly higher than the descriptive and non-

parametric methods. Table 9 compares the 
median survival times for all patients diag-
nosed with pancreatic cancer, computed using 
the three methods.

Comparison of GP probability distribution with 
the Kaplan-Meier (KM) estimation of the sur-
vival function

In the parametric analysis (section 4.2), we 
found that patients’ survival times (both male 
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and female) with pancreatic cancer follow a 
Generalized Pareto (GP) distribution. In section 
5, we performed a non-parametric analysis 
using the Kaplan-Meier to estimate a randomly 
selected patients’ survival probability. We now 
compare the survival probability estimates 
obtained from GP probability distribution with 
the non-parametric Kaplan-Meier survival esti-
mates of the survival times of the pancreatic 
cancer patients. The survival function of the 
two techniques is important in estimating the 
chance of survival of a patient diagnosed with 
pancreatic cancer beyond a particular time. 
Table 10 compares the survival probabilities 
associated with different time periods (in 
months). We observe that the probability esti-
mates computed by the GP survival function 
are significantly higher than that of Kaplan-
Meier probability estimates. Because paramet-
ric methods are more powerful, robust, and 
efficient than non-parametric approaches, 
parametric survival estimates must be utilized 
as the most accurate estimates, provided that 

the appropriate probability distribution has 
been appropriately established.

In Table 10, ( )S tpc , is the parametric survival 
probability estimates for pancreatic cancer 
patients using GP probability distribution. 
( )S tKMc  is the non-parametric survival probabili-

ty estimates for pancreatic cancer patients 
using the non-parametric KM estimate.

Results and discussions

Given the increased incidence of pancreatic 
cancer in recent years, it is critical to investi-

Figure 16. Overall KM survival plot for pancreatic survival times.

Table 9. Table of comparison of the median 
survival times for all pancreatic cancer 
patients
Methods Median Survival Time
Descriptive 6
Parametric 7.31
Non-Parametric 6

Table 10. Table of comparison of survival 
probabilities of pancreatic cancer patients 
computed using parametric and non-para-
metric methods

t ( )S tpc ( )S tKMc

0 .96 .88
1 .87 .77
2 .81 .69
3 .77 .62
4 .7 .57
5 .63 .52
6 .57 .47
7 .51 .44
8 .47 .4
9 .43 .36
10 .39 .33
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gate the prognosis to improve pancreatic can-
cer therapeutic/treatment strategies. The pri-
mary treatment for most types of pancreatic 
cancer is chemotherapy and targeted therapy 
drugs in some cases. A stem cell transplant can 
be thought of as a treatment option. However, 
surgery and radiation therapy do not fall under 
crucial treatments for pancreatic cancer; they 
may be employed in exceptional circumstanc-
es. Furthermore, the therapeutic approach for 
children with pancreatic cancer may differ from 
that employed for adults. Several research 
strategies and methodologies have been 
designed to treat pancreatic cancer patients in 
order to increase their chances of survival. 
Chakraborty & Tsokos [27] performed data-
driven research on Acute Myeloid Leukemia 
(AML) by doing some parametric and non-para-
metric analyses to improve the survival proba-
bilities of patients of different gender groups. In 
our present study:

• We analyzed a total of 10,000 patient infor-
mation and have shown that there was no sig-
nificant difference between the overall survival 
times of male and female pancreatic cancer 
patients.

• We identified a well-defined probability distri-
bution that characterized the survival times of 
a total of 10,000 patients (5,100 male and 
4,900 female) diagnosed with pancreatic can-
cer and used the information to estimate the 
parametric survival function driven by general-
ized Pareto (GP) probability distribution.

• We have tested if there is any significant dif-
ference between the mean survival times of 
male and female patients in each of the four 
stages.

• We have identified the probability distribu-
tions of male and female survival times in four 
different cancer stages and derived their ana-
lytical forms. Also, we derived the parametric 
survival functions in each stage, driven by dif-
ferent parametric probability distributions.

• We compared the median survival times of 
patients using descriptive, parametric, and 
non-parametric methods and obtained very 
consistent results.

• We calculated the overall survival probabili-
ties utilizing the frequently used non-paramet-

ric Kaplan-Meier (KM) cancer survivorship anal-
ysis method and compared those estimates 
with the parametric probability estimates 
obtained from the GP probability distribution.

Conclusion

We have determined the survival probabilities 
of pancreatic cancer patients using different 
statistical methods; the parametric Generalized 
Pareto (GP) distribution and the non-parametric 
Kaplan-Meier (KM) method and obtained bet-
ter parametric estimates of the survival proba-
bilities by implementing the parametric method 
in contrast to the non-parametric KM method. 
The intrinsic distributional assumption regard-
ing the survival times under study is one of the 
difficulties in the parametric survival analysis. 
However, if one could justify the distributional 
assumptions, it is possible to obtain a better 
estimate from the parametric analysis, which 
has greater statistical power in contrast to the 
non-parametric method. Based on our data 
analysis and study results relating to pancreat-
ic cancer patients, we impart the following 
important suggestions.

• If we have information on the survival times 
of male and female cancer patients, we must 
first evaluate whether there is a statistically sig-
nificant difference between the true mean sur-
vival times of male and female cancer patients. 
If a statistically significant difference is found, it 
is more practical to conduct different analyses 
for the two gender groups. In our current study, 
we discovered that there is no statistically sig-
nificant difference in overall survival durations 
between male and female pancreatic cancer 
patients.

• After identifying the appropriate probability 
distributions of male and female cancer 
patients, if we have further data available 
regarding the different stages, it is essential to 
identify the analytical forms of the probability 
distributions that drive the survival data in each 
of the four individual stages.

• If we have information available, then the 
stage-by-stage analysis most appropriately 
reflects the survival probability of patients in 
individual stages.

• If the data simply includes patient survival 
time, then evaluating the survival probability 
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parametrically usually yields more precise, 
robust, and reliable findings than the common-
ly used non-parametric Kaplan-Meier survival 
estimate.

• If no unique or well-defined parametric prob-
ability distribution is identified, we propose 
using the kernel density estimate or the Kaplan-
Meier (KM) technique to estimate survival 
probabilities.

Although in certain circumstances, the use of 
non-parametric Kaplan-Meier survival analysis 
may result in a very close or higher probability 
estimate of the survival rate (if we include the 
censored observations in our study), the para-
metric analysis continues to be more powerful, 
robust, and efficient when there is no informa-
tion about the censored individuals. As a result, 
it is reasonable to proceed with parametric 
analysis at the beginning of any particular can-
cer survivorship data study. By evaluating can-
cer survivorship data, this study provides a 
more effective and realistic approach for esti-
mating survival probability in order to improve 
the therapeutic/treatment process of pancre-
atic cancer.
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