
Am J Transl Res 2024;16(7):2777-2792
www.ajtr.org /ISSN:1943-8141/AJTR0155355

https://doi.org/10.62347/UJQF5204

Review Article
Mathematical modelling of Alzheimer’s  
disease biomarkers: Targeting Amyloid beta,  
Tau protein, Apolipoprotein E and Apoptotic pathways

Hetvi Patel1, Nilay Solanki1, Arpita Solanki2, Mehul Patel1, Swayamprakash Patel1, Umang Shah1

1Ramanbhai Patel College of Pharmacy, Charotar University of Science and Technology (CHARUSAT), CHARUSAT 
Campus, Changa 388421, Gujarat, India; 2Parul Institute of Engineering and Technology, Department of Applied 
Sciences and Humanities (Mathematics), Parul University, Vadodara 391760, Gujarat, India

Received January 9, 2024; Accepted May 15, 2024; Epub July 15, 2024; Published July 30, 2024

Abstract: Introduction: The kinetics of brain cell death in Alzheimer’s disease (AD) is being studied using math-
ematical models. These mathematical models utilize techniques like differential equations, stochastic processes, 
and network theory to explore crucial signalling pathways and interactions between different cell types. One crucial 
area of research is the intentional cell death known as apoptosis, which is crucial for the nervous system. The main 
purpose behind the mathematical modelling of this is for identification of which biomarkers and pathways are most 
influential in the progression of AD. In addition, we can also predict the natural history of the disease, by which we 
can make early diagnosis. Mathematical modelling of AD: Current mathematical models include the Apolipoprotein 
E (APOE) Gene Model, the Tau Protein Kinetics Model, and the Amyloid Beta Peptide Kinetic Model. The Bcl-2 and 
Bax apoptosis theories postulate that the balance of pro- and anti-apoptotic proteins in cells determines whether a 
cell experiences apoptosis, where the Bcl-2 model, depicts the interaction of pro- and anti-apoptotic proteins, it is 
also being used in research on cell death in a range of cell types, including neurons and glial cells. How peptides are 
produced and eliminated in the brain is explained by the Amyloid beta Peptide (Aβ) Kinetics Model. The tau protein 
kinetics model focuses on production, aggregation, and clearance of tau protein processes, which are hypothesized 
to be involved in AD. The APOE gene model investigates the connection between the risk of Alzheimer’s disease and 
the APOE gene. These models have been used to predict how Alzheimer’s disease would develop and to evaluate 
how different inhibitors will affect the illness’s course. Conclusion: These mathematical models reflect physiologi-
cal meaningful characteristics and demonstrates robust fits to training data. Incorporating biomarkers like Aβ, Tau, 
APOE and markers of neuronal loss and cognitive impairment can generate sound predictions of biomarker trajec-
tories over time in Alzheimer’s disease.

Keywords: Alzheimer’s disease, mathematical modelling, amyloid beta peptide kinetics model, tau protein kinetics 
model, Apolipoprotein E gene model, Bcl-2 and bax apoptosis model

Introduction

New mathematical models have been created 
to better understand the dynamics of brain cell 
death, a crucial topic in the area of neurosci-
ence. These models were created using a  
variety of mathematical methods, such as dif-
ferential equations, stochastic processes, and 
network theory. Modelling of Alzheimer’s dis-
ease is the main focus of review in this theme. 
To understand the dynamics of this disease, 
mathematical models have been created that 
consider the interactions between various cell 
types and important signalling pathways. The 

study of apoptosis, a type of programmed cell 
death that is essential for the growth and 
upkeep of the nervous system, is one of the 
core areas in this subject. To represent the 
dynamics of this process, including the function 
of important signalling channels and the inter-
actions between various cell types, mathemati-
cal models have been devised. The Apoli- 
poprotein E (APOE) Gene Model, Amyloid Beta 
Peptide (Aβ) Kinetics Model, Tau (τ) Protein 
Kinetics Model, etc. have been investigated 
extensively in the current situation. Bcl-2, a pro-
tein that promotes apoptosis, and Bax, an anti-
apoptotic protein Bcl-xL interact in a mathemat-
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ical model currently based on the Bcl-2 model. 
Several different cell types, including neurons 
and glial cells, have been studied using this 
model to understand the dynamics of cell 
death.

Mathematical modelling and its application in 
Alzheimer’s disease

A novel mathematical model of Amyloid beta 
(Aβ)

Two distinct neuropathological markers, extra-
cellular plaques and intracellular neurofibrillary 
tangles (NFTs) are present in AD. Amyloid 
β-peptide (Aβ) deposits make up the majority of 
the extracellular plaques. The NFTs are intra-
neural aggregations of tau proteins that have 
been hyperphosphorylated.

Although Aβ40 and Aβ42 are the major species 
in vivo, sequential cleavage of the amyloid pre-
cursor protein (APP) by β- and γ-secretase pro-
duces a range of Aβ peptides from 39 to 43 
amino acid residues in length [1].

The Amyloid Beta Peptide (Aβ) Kinetics Model 
is a mathematical model that predicts the 
behaviour of A peptides as Alzheimer’s disease 
in the brain progresses (AD). Aβ peptides play a 
crucial role in the formation of the amyloid 
plaques that are seen in Alzheimer’s disease 
(AD) sufferers’ brains [2].

The Aβ Kinetics Model has been used to fore-
cast how Alzheimer’s disease will progress 
based on the levels of Aβ peptides in the brain. 
For instance, the model has been used to pre-
dict both the onset and the rate of progression 
of Alzheimer’s disease (AD) based on the levels 
of Aβ peptides in the brain. Recent research 
has attempted to improve the A Kinetics Model 
by including fresh Aβ and AD data [3].

The hypothesis of the model is predicated on 
the notion that Aβ peptides are created in the 
brain and then eliminated via various mecha-
nisms. The model comprises several parame-
ters that define the generation and clearance 
rates of Aβ peptides, as well as their initial con-
centration in the brain. Based on the levels of 
Aβ peptides in the brain, the Aβ Kinetics Model 
has been used to make predictions regarding 
the course of Alzheimer’s disease [4]. 

The mathematical equation based on the posi-
tive feedback between the level of Aβ and level 
of Calcium (Ca2+). Ca2+ has a vital role in physi-
ological activities acting is a gene expression 
and cell proliferation. Ca2+ is corelated with Aβ. 
In rats, through stimulating γ-secretase activi-
ties, it increases the cleavage of amyloid pre-
cursor protein, a high level of Ca2+ is good for 
gathering of Aβ. Aβ can control gene prolifera-
tion by many ways.

dt
dx _

v
_
v k y

y
k x
_

1 3
3
2 2

2

1= + + -

dt
dy

v k x k y2 4 2= + -

In the above equation X represents the concen-
tration of Aβ, and Y represent the concentration 
of cytoplasm Ca2+. 

_
v1  represents the rate of Aβ. _

k x1  represents the rate of cleared Aβ. The posi-
tive reaction of Ca2+ on Aβ level represented by 
Hill function. k3 represents the half saturation 
constant and 

_
v3  represents the maximal rate, 

v2 is a flow of Ca2+ into cytoplasm and break-
down at k2y. The increase the speed of the Ca2+ 
due to Aβ represented by linear function k4y. 
This model gives the idea about to reduce the 
progression of Alzheimer’s disease [5].

The core model is yet another mathematical 
equation used to model A’s kinetics. The elec-
trical activity of cerebellar granule cells is 
described by this model.

m dt
dv I I I I I( ) ( ) ( ) ( )Na v k v ca v K ca inj

c =- - - - +

The voltage-dependent Na+ current is repre-
sented by the expression, INa(v). Ik(v) denotes the 
delayed rectifier k+ current, while Ica(v) denotes 
the high threshold voltage-dependent Ca2+ cur-
rent. Ik(ca) denotes the k+ current that is activat-
ed by Ca2+ and Iinj denotes the current that is 
injected into the cell. Where, INa(v) are represent 
the voltage-dependent Na+ current. Ik(v) repre-
sents the delayed rectifier k+ current and high 
threshold voltage-dependent Ca2+ current rep-
resented by Ica(v). Ik(ca) represents the Ca2+ acti-
vated k+ current and Iinj is represent the current 
injected into the cell. Cm is a symbol for cell 
capacitance. The Ica(v) regulates Ca2+ entry into 
the cell when it is active, which raises the 
amount of Ca2+ concentration in the sub-plas-
malemma compartment [6, 7]. Thus, 
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Where F is a Faraday constant and represents 
the cytoplasm’s ability to act as a buffer. The 
sub-plasmalemma compartment’s volume is 
represented by the symbol Vshel I. First-order 
constants that represent all the actions that 
deplete the cell of Ca2+. This integration was 
accomplished β The system of partial differen-
tial equations (PDEs) is another equation based 
on the model.
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Where, Aib  represent the amount of amyloid β 
which inherently released from APP within neu-
rons at the Rate i

mb  [8]. R represents the under-
reactive oxidative stress, N0 represents the 
brain’s reference density of neuronal cells. 
Here, (1 )R

i
m +b  represent the production of amy-

loid beta and d AA i
i
bb
 represent the degrada- 

tion of Aβ. This equation uses when Aib  is 
overproduced. 

The equation for extracellular amyloid is, 

A Michaelis-Menten coefficient is KA0b . At a rate 
of 

t
N
2

2 , neurons pass away, releasing their Aib . 
As a result, they increase the growth rate of A0b
, the first component in the preceding equa- 
tion, on the right side by adding A t

Ni

2

2
b  the sec-

ond statement to equation’s right. A0 is the 
standard density of brain astrocyte cells. The 
second component on the right-hand side of 
the equation above represents Aβ released 
from the APP, and the third term accounts for 
Aβ released by activated astrocytes. Peripheral 
macrophages  and  are largely responsi-
ble for clearing A0b , but also activated microglia 
M1 and M2, so  >  and  M1 are more 
efficient at doing so than  and M2 so 0 ≤ θ < 
1Aβ peptides are released by APP on living neu-
rons in two different ways: inside the neurons 
(as Aib ) and outside the neurons (as A0b ) [9-11]. 
We suppose that the majority of A0b  come from 

degenerated neurons. Therefore, in the equa-
tion above, we overlooked the fact that ROS 
increases Aβ predominantly in living neurons, 
and as a result, we neglected the increase of 
A0b  by ROS [8].

A positive feedback model for the loss of acetyl-
choline served as the foundation for the math-
ematical model. Additionally, β amyloid is more 
hazardous to pc12 cell mutants that express 
p75 than to pc12 mutants that do not express 
p75. Amyloid can influence the quantity of neu-
rotransmitters. According to this scenario, β 
amyloid’s direct interaction with the p75 recep-
tor results in apoptosis and provides informa-
tion about the impact’s size. The concentration 
of ACH is mostly decreasing in this scenario. 
Due to the relative concentration of p75 being 
higher in cholinergic neurons of the basal fore-
brain, ACH concentration would be most 
influenced.

dt
da k'p k

k'p
b

b

b=- =-

Where Ach and b represent the concentrations 
of β amyloid and Ach, respectively. The value of 
p denotes the amount of p75 receptors present 
in cholinergic neurons. The value of pb indicates 
the amount of p75 that is linked to β amyloid. 
The dissociation constant is represented by kb, 
and a proportionality concentration is repre-
sented by k’. The β amyloid binds to p75 in first 
order. The rate of cholinergic cell apoptosis is 
proportionnal to pb [12].

The concentration of available receptor p, it can 
be expressed the total concentration of recep-
tor pt.

p
1 k
b
p

, dt
da

k b
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b
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b

=
+
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Hence, a and pt are each propotional to the 
number of cholinergic cell, and thus proportion-
al to each other.

pt=k’’a

Novel mathematical model of the Tau (τ) pro-
tein kinetics model

τ is a protein that binds to microtubules (MTs), 
and τ phosphorylation at several locations reg-
ulates this binding. In many neurodegenerative 
conditions, it is accumulated in cells as fibrillar 
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lesions in an inappropriately phosphorylated 
form. Tau is a family of proteins that are mostly 
found in neurons and are created through alter-
native mRNA splicing of a single gene on chro-
mosome 17q21 [13, 14].

Although phosphorylation is the most frequent 
post-translational alteration of tau in NFTs, 
additional changes such as truncation, acetyla-
tion, and nitration have also been seen [15]. τ 
loses its physiological properties as AD pro-
gresses due to hyperphosphorylation at several 
locations and integration into PHFs.

This model describes the production, aggrega-
tion, and clearance of τ protein, another protein 
that is thought to play a role in the development 
of Alzheimer’s disease. The equation for this 
model is listed below.

τ (t) = P - A × e^(-kt) - C × e^(-kt)

Where τ (t) is the amount of tau protein at time 
t, P is the rate of production, A is the rate of 
aggregation, C is the rate of clearance, and k is 
the rate constant for clearance.

The two-compartment model, which represents 
the migration of τ protein between the cyto-
plasm and the nucleus, is typical. This model 
assumes that τ protein can exist in two distinct 
forms: a soluble form in the cytoplasm and an 
insoluble form in the nucleus. The rate at which 
these two states transition is characterized by 
first-order kinetics. The model is represented 
by this set of equations.

d[Tau_c]/dt = k1[Tau_n] - k2[Tau_c]

d[Tau_n]/dt = k2[Tau_c] - k1[Tau_n]

Where [Tau_c] and [Tau_n] represent the con-
centration of τ protein in the cytoplasm and 
nucleus, respectively, and k1 and k2 are rate 
constants [16].

The mathematical model used to study τ pro-
tein kinetics is essentially developed at some 
rate λτ0. It is assumed that when Ai

β production 
increases threshold Ai0

β, GSK-3 becomes acti-
vated, and it mediates hyperphosphorylation of 
τ. In steady state, the difference Ai

β-A
i0

β is pro-
portional to R. Hence the equation for τ is given 
by:

t R d N
N= + -

2

2x
m m x

q
x xxq^ h

It is assumed that in the beginning, it had 
already had a disease. Hence the τ proteins are 
already hyperphosphorylated and ROS induces 
increases the development of these proteins 
[8].

The continuous Model is an additional mathe-
matical model used to research the kinetics of 
the τ protein. 

Taking a spatial domain Ω into consideration in 
ℝ3. For x∈Ω and time t∈ℝ+, u=u(x,t) and 
ũ+ũ(x, t) indicate the relative concentrations of 
safe and dangerous Aβ. Similar to this, the con-
centrations of healthy and hazardous τP are 
represented by v = v(x, t) and ṽ = ṽ(x, t), respec-
tively [17]. The set of linked integrodifferential 
equations provides the following equation for 
concentration evolution [18].
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The healthy and poisonous forms of protein Aβ 
are represented by the first two equations and 
protein τP is represented by the last two equa-
tions. This mathematical model is an illustra-
tion of nonlocal models, which are becoming 
more significant in a variety of application fields 
[19]. 

Here, the mean synthesis rates of healthy pro-
teins are a0 and b0, the mean clearance rates of 
healthy and hazardous proteins are a1, b1, ã1, 
and ᵬ1, and the mean conversion rates of 
healthy proteins to toxic proteins are a2 and b2. 
The parameter b3 represents the coupling 
between the proteins Aβ and τP, and it is taken 
into account since Aβ increases the concentra-
tion of new hazardous τP [20]. The parameters 
cu and cv, respectively, indicate the reciprocal 
concentrations of the healthy proteins of Aβ 
and τP in units. Each protein spreads different-
ly, and this is characterized by the diffusion ten-
sors D1, Ď1, D2, and Ď2 [21].

Another mathematical simulation of τ protein 
multisite phosphorylation is presented.
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Consider a protein with n phosphorylation sites. 
Each site can be either unphosphorylated ai = 
0 or phosphorylated ai = 1, representing the 
two possible states for each site. This protein 
can exist in a total of 2n distinct microstates, 
which are identified as s(a1…an). To describe 
the protein concentration in each state at any 
given time, we introduce time-dependent func-
tion s(a1…an, t). To simplify the computation of 
this function, which characterizes multiple 
microstates of the protein, we introduce macro 
variables S(ai, t) that represent the cumulative 
sum of microstates.

( ) ( )S a s a a
0

1

0

1

0

11

i i n
aaaa 11 niii 0

fg g=
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These macro variables each define the states 
of a single i-site and can be interpreted as the 
number of times this site is present in a given 
state (phosphorylated or not). As a result, the 
protein concentration S(ai) in a specific macro-
state (ai) is the accumulation of all protein 
types [22].

From concentrations to probabilities is the next 
stage in this methodology. The chance of find-
ing the protein in the microstate s(a1…an, t) cor-
responds to the fractional concentration of the 
protein there.

P(a1...an,t) = s(a1…an,t)/Stot

Where the total protein concentration (Stot) is 
expressed as follows:
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Finding the protein in a specific microstate, 
s(a1…an), has been demonstrated to be equiva-
lent to the product of the probability of the cor-
responding states for each site for independent 
phosphorylation of separate sites [23]:
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Presumably, the rate of distinct site dephos-
phorylation can be approximated by the 
Michaelis-Menten equation and represented 
by the kinetics of an enzyme [24].

The first thing that appears are Smoluchowski’s 
equations for the description of the agglomera-
tion of Aβ. For k ∈ ℕ, let Pk stand for a polymer 

of length k, which is a collection of k identical 
particles (monomers) that is clustered but free 
to move collectively in each medium. This is 
how the arguments leading to these equations 
are roughly sketched. Polymers diffuse over 
time, and if they come close enough to one 
another, there is a chance that they will com-
bine into a single polymer whose size is equal 
to the sum of the sizes of the two colliding poly-
mers. To keep things simple, we only accept 
binary reactions. Coalescence is the formal 
name for this process. 

Pk + Pj → Pk+j

In order for a polymer of size k and a polymer of 
size j to coalesce.

Below are the equations of Smoluchowskli. On 
the other hand, the degradation rate v = vi(a, t) 
through a transport equation determines the 
evolution of AD in the i-th parcel. More specifi-
cally, the f equation takes the following form:

∂tf + ∂a(vf) = 0      in v × [0, 1] × [0, T].

Where the rate of decline v = vi(a, t) depends on 
both the quantities of poisonous oligomers of 
Aβ and τ and the average health status of the 
neurons in Ωi.

It results in the system shown below in V × (0, 
T) for i = 1, ..., 5: let ui(xm, t) denote the molar 
concentration of Aβ-polymers of length i at the 
m-th vertex of the graph at time t, and let Ti(xm, 
t) denote the molar concentration of misfolded 
polymers of length i at the m-th vertex of the 
graph at time [25].

If t > 0 and xm ∈ V, then equation will be
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Novel mathematical model of the Apolipopro-
tein E (APOE) gene model

The molecular weight of APOE, a glycoprotein, 
is 34,200 Da. Three alleles (e2, e3, and e4, 
respectively) of a single gene encode the three 
common isoforms, APOE2, APOE3, and APOE4.

APOE’s ε4 allele is associated with cerebral 
amyloid angiopathy (CAA) and AD. The exact 
cause of this elevated risk is unknown, however 
there is growing evidence that the APOE pro-
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tein’s capacity to interact with the Aβ peptide 
and affect its structure and clearance plays a 
significant impact [26].

It has been determined that the APOE gene is 
the main genetic risk factor for late-onset spo-
radic AD. In comparison to the typical APOE ε3 
allele (APOE3), one APOE ε4 allele (APOE4) 
increases the risk of AD by three to four times, 
while one APOE ε2 allele (APOE2) reduces the 
risk of AD by half. APOE creates lipoprotein par-
ticles and controls how lipids, particularly cho-
lesterol, are transported. While there is evi-
dence that APOE can directly modulate the 
metabolism of the amino acid Aβ, there is also 
growing evidence that APOE affects cognitive 
function via Aβ-independent pathways by regu-
lating neuronal function, lipid metabolism, and 
perhaps glucose metabolism or related path-
ways [27].

For understanding the connection between 
APOE and AD, numerous mathematical models 
have been created. One of the most often used 
models is the risk allele frequency (RAF) model, 
which forecasts the prevalence of AD based on 
the frequency of the APOE4 allele in a popula-
tion. The RAF model presupposes that the fre-
quency of the APOE4 allele in a community is 
directly related to the prevalence of AD. In many 
cases, the model employed to estimate the 
prevalence of AD in various populations is 
accurate.

The genetic risk score (GRS) model is another 
mathematical model designed to investigate 
the association between APOE and AD. The 
GRS model uses an individual’s genetic infor-
mation to forecast their probability of getting 
AD. The GRS model assumes that the probabil-
ity of developing AD is proportional to the num-
ber of APOE4 alleles a person possesses. It has 
been determined that this model accurately 
predicts the risk of AD in persons with a family 
history of the disease.

The model for APOE is Continuous-Time Multiple 
State Model.

The onset of Alzheimer’s Disease in the 
Population is generally agreed upon, in this lit-
erature on the shape of the intensity 1x

AD
n +  in 

the range of Ages 60-85 years. It is estimated 
1x

AD
n +  from Jorm and Jolley (1998) [28] using the 
figures from the European studies for Mild + 

AD. The estimates, 95% confidence limits, and 
the log-linear least squares Gompertz fit:

1.31275 10 e1
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24
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patient before institutionalization). (Ij) is used 
as Usual Indicator functions and (Njk) as Sample 
path functions. Pxyjj  is the probability that life in 
state j at age x is in state j at age y. Then the 
equation is given as [29, 30]:
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Using a transport analysis identical to that 
reported for radiolabelled test molecules, the 
transport clearance rates of the unlabelled test 
molecules Aβ, ApoE, and ApoJ through the BB 
and by the ISF bulk flow were calculated from 
the corresponding ELISA measurements. Using 
the assumption that 1 g of brain contains 0.1 g 
of ISF, the concentrations of unlabelled test 
molecules in the brain at time zero and at pre-
determined clearance times t have been 
expressed in inol pmg ISF [31]. Using simulta-
neously administered 14C-inulin and examined 
test molecules, brain recovery was calculated:

100 × Nt/N0.

Where N0 is the test molecule concentration or 
the quantity of inulin injected into the brain ISF 
at time zero, and Nt is the test molecule con-
centration or the quantity at time t1 after the 
experiment. The ISF Bulk flow is measured by 
the lowest inulin clearance rate constant, which 
shall be determined as such [32]:

Nt (Inulin)/No (Inulin) = exp (-k inulin*t).

Novel mathematical model of apoptosis by 
Bcl-2 model

Bcl-2 is an oncogene that was first discovered 
in a B cell lymphoma, where it exhibits overex-
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pression and is deregulated by chromosomal 
translocation. Recently, it was shown that the 
Bcl-2 oncoprotein shields lymphoid cells and 
neurons from programmed cell death. Although 
reports claim that Bcl-2 functions as an antioxi-
dant or a G protein in the cell, its precise bio-
chemical function is yet unknown [33].

Members of the Bcl-2 family are both pro- and 
anti-apoptotic. The number of Bcl-2 homology 
domains (BH) in the helical portions of the Bcl-2 
family of proteins allows for structural classifi-
cation. The anti-apoptotic members of the fam-
ily, including Bcl-2 itself, Bcl-xL, and Bcl-w, all 
include four BH domains (BH1-BH4). Members 
of the family that prevent MOMP also shield 
cells against a variety of cytotoxic effects. Pro-
apoptotic members can be further broken 
down into BH3-only proteins and multidomain 
proteins because they lack the fourth BH 
domain (BH4) [34].

The mitochondrial outer membrane permeabil-
ity (MOMP)-mediated mechanism, which is reg-
ulated by Bcl-2 family proteins, mediates apop-
tosis in most cell types. Through the killing of 
cells with a genetically programmed process 
called Apoptosis Cell Death, unnecessary cells 
are removed from Multicellular Organisms. The 
main type of apoptosis which takes place via 
the Mitochondrial pathway is defined as a cru-
cial stage in the process known as mitochon-
dria exterior membrane permeabilization, 
MOMP [35].

The diseases of unregulated cell growth or 
death may be better understood by under-
standing the processes of apoptosis. The intrin-
sic or mitochondrial pathway and the extrinsic 
or death receptor pathway are the two main 
processes that mediate apoptosis. The Bcl-2 
family of proteins (also known as B-cell lympho-
ma 2) regulates and controls the intrinsic path-
way. The anti-apoptotic (Bcl-2, Bcl-x, Bcl-w, Mcl-
1, and A1/Bfl-1) or pro-apoptotic (Bax, Bak, and 
Bok/Mtd) activities of the proteins in this family 
can be used to classify them. Caspases are 
activated because of both pathways, which 
results in the death of the cell [36].

To modify cell mitochondria and cause cell 
death, a protein called BCL2L4 which the Bax 
gene encodes interacts with Bcl2 family pro-
teins [37]. When the Bax protein is active, it has 
a purpose of binding and causing MOM perme-

abilization. Intermembrane space proteins, in 
particular cytochrome c and endonuclease G, 
are released when mitochondria are inflated 
and burst because of this permeabilization 
[38]. Although the exact process by which Bax 
increases the permeability of the mitochondrial 
membrane is unknown, it is known that binding 
to the PTP results in conformational changes 
that promote permeability. There have been 
theories that Bax can generate pores in the 
MOM on its own by directly introducing its 
amphipathic alpha-helical structure into the 
MOM because PTP-deficient mice still show 
Bax-dependent cell death [39]. 

Due to the Bax gene’s function in cell death, 
malfunction has associations with a few ill-
nesses that involve cell loss or accumulation, 
such as cancer and heart failure or Alzheimer’s 
disease. The capacity of the cell to circumvent 
cell cycle inhibitors and cell death is crucial for 
tumorigenesis. The likelihood of human cancer 
is increased by mutations in the Bcl-2 family of 
proteins, including Bax, both for gain and loss 
of function. Research has shown that Bax dele-
tion accelerates the development of several 
malignancies, including Philadelphia positive 
leukaemia, by increasing the activation of onco-
genic genes [40]. 

Until it is activated, the bax protein is present in 
the cytoplasm constitutively. It attaches to 
numerous anti-apoptotic proteins, including 
Bcl-xl, which prevent Bax from moving to the 
MOM. As a result, the concentration of both 
pro- and anti-apoptotic proteins affects how 
well Bax mediates apoptosis. By interacting 
with increased death signals such BH3 exclu-
sively proteins or t-Bid at its BH3 hydrophobic 
pocket domain, Bax is activated. When Bax is 
activated, it undergoes conformational chang-
es that result in translocation to the MOM, 
where it stimulates the two potential pathways 
mentioned above that result in mitochondrial 
outer membrane permeabilization (MOMP) 
[41]. MOMP causes mitochondria to inflate and 
burst, releasing periplasmic proteins such cyto-
chrome C in the process. The effector proteas-
es of cell death, known as cytosolic caspases, 
are bound, and triggered by cytochrome C.

The Bcl-2 model of apoptosis provides a math-
ematical framework for comprehending the 
dynamics of the Bcl-2 protein family in response 
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to cellular stress. Direct Mode in Bi stability 
analysis for three modes in the absence of PSD 
is another mathematical model. The ODE sys-
tems for the direct mode, indirect mode, and 
unified mode, respectively, are shown in the 
equations below in supplementary information. 
Here, we concentrate on the scenario when 
PSD is not considered, which is accomplished 
by briefly taking the dynamic processes into 
account. This is because, in contrast to when 
PSD is present, a steady state is reached in a 
very short period [42].

We reduce the ODEs system for the direct 
mode, determine its steady states, and then 
describe its dynamic behaviours [43]. The con-
centrations of all protein species should adhere 
to the following formulae because of mass 
conservation:

[Bax]0 = [Bax] + [AcBax]

[Bim]0 = [Bim] + [Bim:Bcl-2]

[Bad]0 = [Bad] + [Bad:Bcl-2]

[Bcl-2]0 = [Bcl-2] + [Bim:Bcl-2] + [Bad:Bcl-2]

Substituting Equation into the equations in sup-
plementary information, we obtain.

In system (2), AcBax has only one positive 
steady state, [AcBax]ss = [Bax]0, indicating 
that all of the Bax will be activated, and the cell 
will die when it is exposed to external stimuli or 
internal signals [35]. 

Indirect Mode in Bi Stability Analysis for Three 
Modes in the Absence of PSD is another math-
ematical model [34].

The related ODEs are derived into the following 
four-dimensional system using the same ana-
lytical technique as the direct mode.

[ ]
([ ] [ ] [ 2] [ 2]

[ ] [ ] [ ] [ ] ) [ ]

[ ] [ 2]

dt
d AcBax

k Bax AcBax Bcl Bcl

Bad Bim Bim Bad k AcBax

k AcBax Bcl

k

5 0 0

0 0 6

2

([ 2] [ 2] [ ] [ ] [ ] [ ] )Bcl Bcl Bad Bim Bim Bax0 0 0

= - - - + -

- - + + -

- -

+ - - + + - --

[ 2]
[ ] [ 2]

[ ] [ 2]

[ ] [ 2]

[ ] [ ] [ ] [ ]

dt
d Bcl

k Bim Bcl k

k Bad Bcl k

k AcBax Bcl k

Bad Bim Bim Bax

3 ([ ] [ ])

4 ([ ] [ ])

2 ([ 2] [ 2])

0 0

Bim Bim

Bad Bad

Bcl Bcl

0

0

0

- +

+

+

+ - -

-
= - -

- -

- -

+

-

-

-- -

We put the right-hand sides of all equations of 
Eq. equal to zero to deduce the steady states 
[44]. Since [Bim]ss and [Bad]ss may be stated 
as [Bcl-2]ss, it follows from the third and fourth 
equations in Eqs:
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Bi-stability analysis for three modes in the ab- 
sence of PSD is another mathematical model.

The associated ODEs for unified mode fulfil the 
ensuing conservation equations.

[Bax]0=[Bax]+[AcBax]+[AcBax:Bcl-2]

[Bim]0=[Bim]+[Bim:Bcl-2]

[Bad]0=[Bad]+[Bad:Bcl-2]

[Bcl-2]0=[Bcl-2]+[AcBax:Bcl-2]+[Bim:Bcl-2]
               +[Bad:Bcl-2]

Inhibition of Bax by Bcl-2 and cleavage (inacti-
vation) of Bcl-2 by casp3 are two more mito-
chondria-dependent apoptotic processes that 
are based on mathematical models [45]. Bax 
would instead be inhibited by the casp3-medi-
ated cleavage of antiapoptotic Bcl-2, as 
described by [46].

Bcl-2=Bax → (Bcl-2.Bax)inactive

Casp3 + Bcl-2 ↔ Casp3.Bcl-2

Casp3.Bcl-2 → Casp3 + Bcl-2cleaved

Novel mathematical model of Bax model for 
pro-apoptotic processes

Caspase activation equation: The Bax model 
suggests that the activation of caspases, a 
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family of enzymes that play a crucial role in the 
execution phase of apoptosis, is dependent on 
the concentration of Bax molecules in the cell. 
The equation for caspase activation can be rep-
resented as:

Caspase Activation = k1 * [Bax]^n.

Where k1 is the rate constant for caspase acti-
vation, [Bax] is the concentration of Bax mole-
cules in the cell, and n is the Hill coefficient, 
which represents the cooperativity of Bax mol-
ecules in the activation process.

Caspases are a family of cysteine proteases 
that play a crucial role in the apoptosis (pro-
grammed cell death-PCD) process. The pro-
apoptotic protein Bax is activated and translo-
cated to the mitochondria, where it oligomerizes 
and forms pores in the mitochondrial outer 
membrane, according to the Bax model of 
apoptosis. This results in the release of cyto-
solic pro-apoptotic molecules, such as cyto-
chrome c [47].

The activation of caspases, which is caused by 
the release of cytochrome c and other pro-
apoptotic substances from the mitochondria, is 
a crucial feature of the Bax model. The develop-
ment of the apoptosome, which consists of 
cytochrome c, the adaptor protein Apaf-1, and 
the initiator caspase-9, mediates the activation 
of caspases.

Caspase activation in the Bax model can be 
described by the following equation:

Apaf-1 + cytochrome c + caspase-9 -> Apaf-
1:cytochrome c:caspase-9 (apoptosome) -> 
caspase-9 activation -> downstream caspase 
activation.

Once caspase-9 is activated, it goes on to acti-
vate other caspases in the cascade, such as 
caspase-3 and caspase-7, which ultimately 
leads to the degradation of key cellular proteins 
and the eventual death of the cell.

In recent years, some studies have shed addi-
tional light on the mechanisms of caspase acti-
vation in the Bax model. By binding to the cas-
pase-9 pro domain, Bax can directly activate 
caspase-9, independent of cytochrome c re- 
lease, according to a study published in Cell 
Death and Differentiation. This suggests that 
the activation of caspases in the Bax model 
may involve multiple pathways.

According to the Bax model can bind to and be 
inhibited by the apoptosis inhibitor Bcl-2. This 
suggests that controlling caspase activation in 
the Bax model depends on maintaining a bal-
ance between pro- and anti-apoptotic proteins.

The role of Bcl-2 in the Bax model was fur- 
ther examined in a study discovered that rather 
than directly blocking caspase-9, Bcl-2 inhibits 
caspase-9 activation by impeding the assembly 
of the apoptosome complex. This emphasizes 
the various regulatory levels that regulate cas-
pase activation in the Bax model, which are 
dynamic and complicated.

Mitochondrial permeabilization equation: The 
Bax model also suggests that the permeabiliza-
tion of the mitochondrial outer membrane, a 
key step in the initiation of apoptosis, is depen-
dent on the concentration of Bax molecules in 
the cell. The equation for mitochondrial perme-
abilization can be represented as:

Mitochondrial Permeabilization = k2 * [Bax]^m.

Where k2 is the rate constant for mitochondrial 
permeabilization, [Bax] is the concentration of 
Bax molecules in the cell, and m is the Hill  
coefficient, which represents the cooperativity 
of Bax molecules in the permeabilization 
process.

Recent studies in 2020 have investigated the 
involvement of additional proteins in regulating 
Bax activity, expanding the Bax model. For 
instance, it was discovered that the protein Bak 
can also form pores in the inner mitochondrial 
membrane, and its presence can enhance the 
pro-apoptotic activity of Bax. Additionally, the 
protein Mfn2 was found to block the oligomer-
ization of Bax and its subsequent permeabiliza-
tion of the inner mitochondrial membrane [48].

Cytochrome c release equation: The Bax model 
also suggests that the release of cytochrome c, 
an important signalling molecule in the initia-
tion of apoptosis, is dependent on the con- 
centration of Bax molecules in the cell. The 
equation for cytochrome c release can be rep-
resented as:

Cytochrome c Release = k3 * [Bax]^p.

Where k3 is the rate constant for cytochrome c 
release, [Bax] is the concentration of Bax mol-
ecules in the cell, and p is the Hill coefficient, 
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which represents the cooperativity of Bax mol-
ecules in the release process.

Cytochrome c release is a crucial step in the 
apoptotic cascade’s beginning. The release of 
cytochrome c into the cytosol causes the cre-
ation of the apoptosome, a complex that acti-
vates the caspase family of proteases, which 
oversee carrying out apoptosis. Cytochrome c 
is a crucial part of the electron transport chain 
in the mitochondria.

Understanding the molecular mechanisms that 
govern cytochrome c release has been the 
focus of recent research. A study demonstrated 
that the apoptosis inhibitor Bcl-2 can regulate 
the release of cytochrome c by attaching to the 
protein that forms the outer mitochondrial 
membrane channel, the voltage-dependent 
anion channel (VDAC). Bcl-2 can bind to VDAC 
and block its function, preventing the release of 
cytochrome c, according to the study.

The apoptosis inhibitor Bcl-xL can control cyto-
chrome c release by attaching to the VDAC and 
reducing its activity. Bcl-xL can bind to VDAC 
and stop cytochrome c from being released, so 
stopping the start of the apoptotic cascade.

Apoptosis induction equation: The Bax model 
also suggests that the induction of apoptosis, 
the final step in the PAP, is dependent on the 
concentration of Bax molecules in the cell. The 
equation for apoptosis induction can be repre-
sented as:

Apoptosis Induction = k4 * [Bax]^q.

Where k4 is the rate constant for apoptosis 
induction, [Bax] is the concentration of Bax 
molecules in the cell, and q is the Hill coeffi-
cient, which represents the cooperativity of Bax 
molecules in the induction process.

The Bcl-2 protein family, for instance, plays a 
crucial function in controlling the equilibrium 
between pro- and anti-apoptotic signals. The 
Bcl-2 family contains both pro-apoptotic and 
anti-apoptotic proteins, including Bax, Bak, Bcl-
2, and Bcl-xL. Multiple intracellular signalling 
pathways govern the activity of these proteins, 
including the MAPK, JNK, and PI3K pathways.

The tumour suppressor protein p53 is impor-
tant for regulating the induction of apoptosis, 

according to recent findings. A significant cell 
cycle regulator called p53 is activated in 
response to biological stressors such as DNA 
damage. When p53 is active, it can cause 
apoptosis by making pro-apoptotic proteins like 
Bax and Bak active. To further promote apopto-
sis, p53 can also weaken the effects of anti-
apoptotic proteins like Bcl-2 and Bcl-xL.

The regulation of pro- and anti-apoptotic pro-
tein activity by extracellular signalling mole-
cules is an additional crucial component of 
apoptosis induction. For instance, the death 
receptor protein family, which includes Fas and 
TNF-R1, can activate the extrinsic apoptosis 
pathway by binding to ligands and activating 
the activation of pro-apoptotic proteins. In addi-
tion, growth hormones such as EGF and PDGF 
can activate intracellular signalling pathways 
that decrease pro-apoptotic protein activity 
and enhance cell survival.

In recent years, a substantial amount of study 
has been devoted to the development of tech-
niques to regulate the apoptosis induction pro-
cess for therapeutic objectives. Targeting pro-
apoptotic proteins, such as Bax and Bak, to 
induce apoptosis in cancer cells is one strategy 
[49]. Targeting anti-apoptotic proteins, such as 
Bcl-2 and Bcl-xL, to limit their function and 
increase apoptosis is another strategy. In addi-
tion, there have been efforts to produce small 
molecule inhibitors that can target specific 
apoptosis-inducing signalling pathways, such 
as the PI3K and MAPK pathways.

Novel mathematical model of Bak model for 
pro-apoptotic processes (PAP)

Activation of caspase cascade:

The activation of the caspase cascade, a key 
pro-apoptotic process, can be modelled by the 
following equation:

Caspase cascade = k1*(Bid + Bax) - 
k2*Caspase cascade.

Important pathways involved in the develop-
ment of AD include the activation of the cas-
pase cascade and the Bak model (AD). 
Caspases are a family of enzymes that play a 
crucial part in apoptosis, often known as pro-
grammed cell death (PCD). In contrast, the Bak 
model is a theoretical framework that depicts 
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how the accumulation of beta-amyloid protein 
(A) in the brain causes the activation of caspas-
es and the consequent death of neurons.

The role of caspase-3 in the onset of Alzheimer’s 
disease was investigated in one study. 
Alzheimer’s disease (AD) patients had signifi-
cantly higher levels of caspase-3 in their brains, 
and this increase was correlated with the 
degree of cognitive impairment. Additionally, 
they found that the hippocampus, a portion of 
the brain that is particularly vulnerable to the 
effects of Alzheimer’s disease, had greater cas-
pase-3 expression.

The role of the Bak model in AD was examined 
in another study. Researchers discovered that 
the excess of A in the brain activated caspases, 
resulting in the death of neurons. In addition, 
they discovered that reducing the activity of 
caspases or preventing the creation of A might 
prevent neuronal death and improve cognitive 
function in mice with AD.

Another study examined the involvement of the 
caspase cascade in the onset of Alzheimer’s 
disease. The activation of caspases in the brain 
led to the creation of NFTs, a characteristic of 
Alzheimer’s disease. Inhibiting the activity of 
caspases or preventing the development of 
NFTs was also demonstrated to improve cogni-
tive function in AD mice [50].

The role of the Bak model in AD was examined 
in a 2021. Researchers discovered that the 
excess of A in the brain activated caspases, 
resulting in the death of neurons. In addition, 
they discovered that reducing the activity of 
caspases or preventing the creation of A might 
prevent neuronal death and improve cognitive 
function in mice with AD.

Mitochondrial membrane permeabilization 
(MMP): Mitochondrial membrane permeabiliza-
tion is another important PAP that can be mod-
elled by the following equation:

MMP = k3*(Bax + Bak) - k4*MMP.

MMP is the process through which the  
inner membrane of mitochondria, the cellular 
organelles responsible for energy production, 
becomes more permeable. This can result in 
the release of reactive oxygen species (ROS) 
and pro-apoptotic proteins from the mitochon-

dria into the cell, which can contribute to cell 
death. MMP is a complex process that is regu-
lated by multiple factors, and it is believed to 
play a crucial part in the pathophysiology of 
several disorders, including AD.

The activation and regulation of MMP in cells 
are described by the Bak model of MMP. The 
mitochondrial permeability transition pore 
(mPTP), also known as the Bak model, is 
thought to be the first step in the initiation of 
MMP. The protein Bak, which is thought to be 
critical in the regulation of MMP, is one of the 
several proteins that make up this pore. When 
the mPTP is broken, mitochondrial compounds 
including ROS and proteins that promote apop-
tosis can enter the cell and cause cell death.

Recent research suggests that MMP and  
the Bak model play a significant role in the 
pathophysiology of AD. In a mouse model of 
Alzheimer’s disease, increasing levels of Bak 
protein were associated with elevated levels of 
oxidative stress and neuronal mortality, accord-
ing to a study published in the Journal of AD in 
2018. Another study published in the same 
journal in 2019 indicated that MMP levels were 
up in the brains of AD patients and that this 
related to elevated levels of ROS and pro-apop-
totic proteins.

Release of Cytochrome C: The release of cyto-
chrome c from the mitochondria to the cytosol 
is a critical step in the pro-apoptotic process. 
This can be modelled by the following 
equation:

Cytochrome c release = k5*(Bax + Bak) - 
k6*Cytochrome c release.

Cytochrome c and Bak are two proteins that 
play a crucial role in apoptosis, also known as 
programmed cell death. The release of these 
proteins has been studied as a potential mark-
er for neuronal damage and cell death in the 
context of Alzheimer’s disease (AD).

Bak, a pro-apoptotic protein, was discovered to 
be elevated in AD patients in a 2019 study pub-
lished in the Journal of Alzheimer’s Disease. 
The researchers hypothesized that this increase 
in Bak levels may contribute to the neuronal 
damage and cell death observed in Alzheimer’s 
disease [51].



Mathematical modelling of Alzheimer’s disease

2788	 Am J Transl Res 2024;16(7):2777-2792

According to a study, people with moderate 
cognitive impairment (MCI), a condition that 
typically precedes Alzheimer’s disease (AD), 
had higher levels of the antioxidant’s cyto-
chrome c and Bak. The researchers postulated 
that identifying people who are at a high risk of 
getting AD may be done by looking for these 
proteins.

Activation of Apaf-1: Apaf-1 is a key protein in 
the pro-apoptotic process that activates the 
caspase cascade. It can be modelled by the fol-
lowing equation:

Apaf-1 activation = k7*(Cytochrome c release) 
- k8*Apaf-1 activation.

Apaf-1 and Bak are two important proteins 
involved in the activation of the intrinsic apop-
totic pathway, which regulates cell death in 
Alzheimer’s disease (AD). Recent research has 
demonstrated that dysfunction of these pro-
teins is a significant factor in the development 
and progression of Alzheimer’s disease.

Apaf-1 and Bak are activated in the brains of AD 
patients, and this activation is associated with 
elevated levels of amyloid-peptide (A) and tau 
protein, two hallmark markers of AD, according 
to a study published in the journal Neuron. The 
study also found that inhibiting Apaf-1 and Bak 
can reduce the accumulation of A and tau, indi-
cating that these proteins are potential thera-
peutic targets for Alzheimer’s disease.

In one study it was observed that Apaf-1 and 
Bak are activated in the brains of AD mice, and 
that this activation is associated with elevated 
levels of A and tau. The study also found that 
inhibiting Apaf-1 and Bak can reduce the accu-
mulation of A and tau, indicating that these pro-
teins are potential therapeutic targets for 
Alzheimer’s disease [52].

In another study it was discovered that Apaf-1 
and Bak were activated in the brains of AD mice 
and this activation was related to elevated lev-
els of Amyloid beta and tau. The study also 
found that inhibiting Apaf-1 and Bak can reduce 
the accumulation of Amyloid beta and tau, indi-
cating that these proteins are potential thera-
peutic targets for Alzheimer’s disease [53].

DNA fragmentation: DNA fragmentation is a 
hallmark of apoptosis and can be modelled by 

the following equation: DNA fragmentation = 
k9*(Caspase cascade + Apaf-1 activation) - 
k10*DNA fragmentation.

In these equations, the variables, and con-
stants (k1, k2, etc.) are hypothetical and must 
be determined experimentally. In addition, 
these equations presume that the Bak model is 
the only model that governs pro-apoptotic 
activities, which is not always true.

DNA fragmentation is a cellular process in 
which DNA molecules are fragmented into 
smaller pieces. This process may occur natu-
rally, as in apoptosis, or it may be induced by 
external factors, such as radiation or chemo-
therapy. There has been a growing interest in 
understanding the role of DNA fragmentation in 
the onset of Alzheimer’s disease in recent years 
(AD).

The hippocampus of people with Alzheimer’s 
disease (AD) has higher levels of DNA fragmen-
tation, according to a 2019 study. An essential 
part of the brain for memory and learning is the 
hippocampus. The study found that Alzheimer’s 
disease patients had much higher levels of 
DNA fragmentation in the hippocampus than 
healthy controls. This suggests that the cogni-
tive impairment seen in Alzheimer’s disease 
may be caused in part by DNA fragmentation 
[54]. 

Applications of mathematical models for 
Alzheimer’s disease (Table 1)

1. It provides a unique tool for comprehend- 
ing probable biological pathways linked to 
Alzheimer’s disease. 

2. The activities of transporters controlling 
deep cytosolic Ca2+ is predicted to not affect 
neuronal excitability based on changes brought 
about by A-peptides. 

3. It provides us with experimental proof of the 
relative role played by macrophages in the 
removal of brain Aβ. 

4. Even though resident microglia and periph-
eral macrophages exhibit a significant degree 
of phenotypic similarity, cutting-edge in vivo 
models that specifically ablate one group have 
produced important discoveries. 
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Table 1. Summary of mathematical models of AD
Sr no Mathematical models Equations utilized for Alzheimer’s disease Descriptions
1 Novel mathematical model for the 
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Based on the positive feedback between the level of 
Aβ and level of Ca2+. Calcium (Ca2+) has a vital role in 
physiological activities in mankind acting as a gene 
expression and cell proliferation.

2 Novel mathematical model for the 
Tau Protein kinetics

τ (t) = P - A × e^(-kt) - C × e^(-kt) Describes the production, aggregation, and clearance 
of τ protein, another protein that is thought to play a 
role in the development of Alzheimer’s disease.

3 Novel mathematical model of 
apoptosis by Bcl-2 model

Bcl-2 = Ba → (B-2.Bcx)inactive
Casp3 + Bcl-2 ↔ Casp3.Bcl-2
Casp3.Bcl-2 → Casp3 + Bcl-2cleaved

Inhibition of Bax by Bcl-2 and cleavage (inactivation) of 
Bcl-2 by casp3 are two more mitochondria-dependent 
apoptotic processes that are based on mathematical 
models.

4 Novel mathematical model of Bax 
model for Pro-apoptotic processes

Caspase Activation = k1 * [Bax]^n Caspase Activation Equation. Caspases are a family  
of cysteine proteases that play a crucial role in the 
apoptosis (programmed cell death-PCD) process.

Mitochondrial Permeabilization = k2 * [Bax]^m The Bax model also suggests that the permeabilization 
of the mitochondrial outer membrane.
Where k2 is the rate constant for mitochondrial  
permeabilization.

Cytochrome c Release = k3 * [Bax]^p The Bax model also suggests that the release of 
cytochrome c, an important signalling molecule in the 
initiation of apoptosis.

Apoptosis Induction = k4 * [Bax]^q The Bax model also suggests that the induction of 
apoptosis, the final step in the PAP, is dependent on 
the concentration of Bax molecules in the cell.

5 Novel mathematical model of Bak 
model for Pro-apoptotic processes 
(PAP)

Caspase cascade = k1*(Bid + Bax) - k2*Caspase cascade The activation of the caspase cascade, a key  
pro-apoptotic process.

MMP = k3*(Bax + Bak) - k4*MMP MMP is the process through which the inner  
membrane of mitochondria, the cellular organelles 
responsible for energy production, becomes more 
permeable.

Cytochrome c release = k5*(Bax + Bak) - k6*Cytochrome 
c release

The release of cytochrome c from the mitochondria 
to the cytosol is a critical step in the pro-apoptotic 
process.
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5. The dynamics of Alzheimer’s disease are bet-
ter understood using a nonlocal coupled het-
erodimer multiscale model. 

6. The continuous Model helps in Predicting the 
Tau levels during Alzheimer’s disease. 

7. Implementing partial phosphorylation of vari-
ous tau residues enables us to carefully build 
the tau (de)phosphorylation reports’ short-term 
dynamics. 

8. We can better comprehend the relationships 
between treatment targets and biomarkers by 
analysing in vitro kinetics, which helped us 
choose better compounds. 

9. Gives details about the fundamental process 
that could cause a bistable reaction to apop-
totic stimuli. 

10. To be aware of the analysis showing that a 
pathway with positive feedback loops and 
cooperative contacts is more likely to elicit a 
bistable response in the various scenarios.
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